PHUGNG PHAP THE TRONG PHUONG TRINH HAM
Bui Ngoc Diép
Truong Trung hoc phd thong Chuyen Lao Cai

Phuong trinh ham 14 mét trong nhitng linh vite hay va khé clia toan so cap. Chi dé nay thudng xuyéen
xuat hién trong cac ky thi chon hoc sinh giéi cap tinh, k¥ thi chon hoc sinh gidi Qudc gia va ky thi
Olympic todn Qudc té. Chuyén dé gidi thieu "Phuong phap thé", mot trong nhitng phuong phap chit yéu
dé giai quyét cac bai toan phuong trinh ham.

1. MO DAU

D6i véi cac phuong trinh dai sé trong sach giao khoa, muc tiéu ctia ching ta la tim
cac bién chua biét nhung do6i v6i phuong trinh ham ching ta can phai tim mot "ham s6"
théa man mot s6 diéu kién rang buoc cho trude clia bai todn. Ching ta c6 nhiéu phuong
phap ciing nhu huéng tiép can khac nhau doi véi cac bai toan thuoc chii dé nay trong do,
phuong phap thé 1a phuong phap thong dung nhat khi gidi phuong trinh ham va ki thuat
cua n6 con dude st dung khi ching ta st dung cac phuong phap khac. Noi dung co ban
ctia phuong phap nay la thay cac bién béi cac gia tri dic biet. Tt nhitng két qua vita thiét
lap bang viéc thay bién d6, ching ta sé c6 gang xay dung cac rang buoc hoic st dung tric
tiép cac két qua nay dé tim ham sb chua biét. Didu quan trong phai luu ¥ la gia tri cac
bién nay phai thuoc tap xic dinh ctia ham s6 va phai théa man cac diéu kién rang budc
giita cac bién néu c6. Khong c6 bat cit mot "ki thuat" tong quat nao ciia phuong phap
thé dé gidi quyét cac bai toan phuong tinh ham. Khi ding truée céc bai toan lien quan
dén chit dé nay, hoc sinh can phai c6 cai nhin tong quan cling nhu nhitng kinh nghiem va
sit nhay cam dé c6 thé dua ra viec thay cac bién sao cho phit hgp. Chiing toi nhic lai mot
s6 ki thuat ciing nhu chii ¥ can thiét khi sit dung phuong phap thé dé giai quyét cac bai
toan vé phuong trinh ham.

(i) Sau khi tim dugc nghiem ham ctia phuong trinh, ching ta phai thit lai roi méi két
luan. Chu ¥ rang, qua trinh tim nghiém chi 1a "diéu kién can" cht khong phéi 1a
"dieu kién du".

(ii) Néu mot bo phan nao dé6 ctia phuong trinh ham da cho c6 tinh ddi xtng gitta cac
bién, chang han nhu x,y. Ching nén hoan vi gitta z v y nghia la thay = béi y va
thay y béi o vao dieu kien ban dau ciia bai toan.

(iii) Phép dat "tong-hicu"
u=xr+y, v=r—Y
1a mot trong nhitng phép dit co ban thuong dude sit dung doéi véi cac phuong trinh
ham ma biéu thitc thanh phan ctia né 1a cic da thitc ddi xing gitta z va y (tiic 1a
cac da thitc ma khi ta hoan vi gitta cac bién, ta dugce da thitc mdéi bang da thitc ban
dau.)



(iv) Cac tinh chat co ban ham s6 nhu don anh, toan &nh, song anh can phéi duge nam
vitng va van dung mot cach linh hoat. Trong nhiéu bai todn clia phuong phap thé
chiing ta can phai van dung dugc tinh chat nay dé c6 thé tim ra gia tri ctia ham s6
tai nhitng diém dac biét.

(v) Chung ta nén dy doan dugec mot nghiém nao dé ciia phuong trinh. T nhing du doan
nay ching ta sé c¢6 nhing dinh huéng cu thé dé dua ra cac phép thé phit hgp hoic
tim ra cac tinh chat ctia nghiégm ham.

Muc tiéu ctia bai viét nay 1a gidi thieu phuong phap thé véi nhiing ki thuat dic trung cia
né thong qua cac vi du cu thé thong qua mot sé bai toan phuong trinh ham da xuat hien
trong cac ky thi hoc sinh giéi quoc gia va qudc té. Phan con lai cia bai viét dude bd cuc
nhu sau: Muc 2 chiing toi giéi thieu phuong phap thé qua cac vi du cu thé, Muc 3 1 céc
bai tap c6 stt dung phuong phap thé.

2. PHUONG PHAP THE QUA CAC BAI TOAN

Chung ta sé bat dau véi bai toan trong Ky thi chon hoc sinh giéi Quoc gia mon Toan 16p
12 (VMO) nim 2013.

Bai toan 1. (VMO 2013). Tm tit ci cic ham s6 f: R — R théa man
F(0) =0, f(1) = 2013,
(=9 [ (@)= (P W)] = [ @ = F@)] [ @) - £ )] (2.1)
ding vdi moi x,y € R va f*(x) = (f («))".
Lai gidi. Tt (2.1) thay = # 0 va y = 0, ta dugce
of (f*(2)) = f*(x), VYz#0.
Diéu nay suy ra véi Vz # 0, ta ¢6

F2 @) = fo), Va 0. (2.2)

Thay (2.2) vao (2.1), véi moi x # 0, y # 0, ta dudc
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Két hop (2.3) va (2.4), ta duge

[2f (y) —yf @)] [#f2 (y) —yf?(z)] =0, Yo #0,y#0.

Tu (2.5) thay y = 1 ta ¢
(20132 — f(x)) [2013°z — f*(x)] =0, Vz #0.
Néu x < 0 thi
2013%z — f*(x) < —f*(x) < 0.

Khi d6, tit (2.6) ta duge
f(z) =2013z, Vx<O.

Do do, tut (5) thay y = —1 ta ¢6
[—2013z + f(2)][2013% + f3(2)] =0, = #0.
Néu = > 0 thi
2013%z — f*(x) > —f*(x) > 0.

Khi dé, ti (2.7) ta duge
f(z) =2013z, Vz>0.

Chu y rang f (0) = 0. Vi vay, ta c6 f(x) = 2013z v6i moi = € R.
Thit lai, ta thay ring néu f(z) = 2013z v6i moi x € R thi khi d6
f(0) =0, f(1) = 2013,
[f (@)= f ()] [f* (x) — f2(y)] = [2013z — 2013y] [2013%2* — 2013%y”]

+ W) = @)+ f@) )+ fy) ) - )

(2.5)

(2.6)

= (z —y) [f(fQ(llf)) —f(fz(y))], Vo € R,y € R.
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Vay ham s6 can tim 1a
f(z) =2013z, VzeR,yeR.

Nhan xét. Thong thuong khi ding truéec mot bai toan phuong trinh ham, ching ta
thuong "cd gang" tim duge nhitng gid tri dac biét ctia ham s6 nhu f(0), f(1), f(—1), ... v6i
muc dich la tao thém "rang budc" cing nhu dy doan duge "hinh dang" ciing nhu "tinh
chat" nghiém "ham" can tim. Nhung d6i v6i bai toan trén, gia thiét da cho luon f (0) = 0.
Vi thé, ¥ tudng dau tien khi gidi bai toan 1a phai "lgi dung" duge f (0) = 0. Dieu kién
nay da lam cho bai toan don gian hon rat nhiéu. Mot cau hoéi duge dit ra cho ban doc 1a
"néu khong c6 yéu t6 f (0) = 0 thi ching ta sé gidi quyét bai toan trén nhu thé nao". Ve
diéu kien tht hai ctia bai toan f(1) = 1, chiing ta c6 thé thay ring né gitp cho bai toan
c6 hinh thitc dep hon (khi ¢6 con s6 clia nam thi xuat hién trong dé thi) va ciing gitap hoc
sinh ¢6 thém phuong an khi xit Iy tinh hudng

[2f (y) —yf @)] [#f* (y) —yf*(z)] =0, Vo #0,y#0.

Day 1a mot trong nhitng "tinh huéng dién hinh" thuong xuyén xuéat hién trong cac bai
toan phuong trinh ham ctia cdc deé thi hoc sinh Quéc gia. Néu khong c6 gia thiét f(1) = 1,
chiing ta van c6 thé hoan toan gidi quyét tron ven, nhung 16i gia sé phic tap hon 1oi giai
duge dua ra 6 trén. T (2.4), ching ta c6

1) _f@) e P@ P

y o x y
véi Vo # 0,y # 0. Diéu nay gitp ching ta c6 thé nhin thiy ngay rang nghiém ctia bai
toan sé c6 dang f (x) = cz. Vi mot vé chi phu thuoc vao x va mot vé chi phu thuoe vao
y nén ching phai bing hing s6. Day ciing chinh 13 noi dung ctia ki thuat thuong duge st
dung trong phuong phap thé c6 tén goi 1a "phan ly bién s6", ki thuat nay bat nguon tir
mon hoc "Phuong trinh vi phan" 6 bac Dai hoc. N6 té ra vo cing "t6i wu" khi gidi quyét
mot s6 bai toan, vi du nhu bai toan dudi day 1a dé thi Olympic Toan sinh vien Toan Qubc
nam 2011 dugc t6 chiic tai thanh phé Quy Nhon.
Tim tat cd cic hams6 f: R — R
(w—y)f(@+y) —(@+y) flz—y) =day (= +¢*), Vo,yeR
V6i nhitng phuong trinh ham c6 bién tu do (tic 1a cac phuong trinh ma hai vé ctia né
c6 xuat hién cac biéu thiic chi chita cac thanh phan 1a z va y) thi ching ta thudng c¢b ging
"thé bién" mot cach hop li dé c¢6 tinh dude céc gia tri tai cac diem dac biet ctia ham s6
nhu 0, —1, 1, ... Sau khi tinh dugc cac gia tri nay, ching ta sé sit dung né dé tim ham ma
bai toan yéu cau. Bai toan tiép theo sé gitip ban doc hinh dung ré hon vé van dé nay.
Bai toan 2. (VMO 2016). Tim tat ca cac s6 thyc a dé ton tai ham s6 f : R — R théa
man
i) f(1) = 2016.
ii) Véi moi z, y € R,

fle+y+f)="rf(x)+ay. (2.8)



Loi giai. Néu a = 0 thi tu (2.8), ta duge
f(x+2017) = f(x), Vz,y eR.
Do d6, f 1a mot ham tuan hoan chu ki 2017. Vi f(1) = 2016, nén
f(z) = 2016 Va € R.
Ta xét truong hop a # 0 thi trong (2.8) hoan vi vai tro ctia x va y ta duge
fla+y+ f(x)=f(y)+az, Va,yeR (2.9)

Néu f(z) = f(y) thi tu (2.8) va (2.9) ta suy ra z = y hay f 1a mot don anh. Trong (2.8)
choy =0, ta co
Fla+ £(0) = f(2), ¥ € R

Vi f la don anh nén
z+ f(0) =a,Vz € R.

Do d6, ta c6 f(0) = 0. Trong (2.8) thay z = 0,y = 1 ta dugc a = f(2017). Tiép tuc thay

y boi %(x) trong (2.8), ta duge

f(x—@w(%(””))) —f () - f@)=0=f(0) ¥z ER
Vi f la ham don anh nén
_@+f(—_fa(z)> =0, Vzek

Diéu nay suy ra

f (ﬂ) _f@ z, Vz€eR. (2.10)

a a

Trong (2.8) thay y béi %(y) ta dugc

f(x—yjﬂf(%(y))):f(m)—f(y) Vz, y € R. (2.11)
St dung (2.10) két hop véi (2.11) ta ¢6
et P2y I - s). wyer

Do do, ta dugc

fle—y)=[f(2)—f(y), Vr,yeR (2.12)



Trong (2.12) thay x bdi x + y ta duge

flat+y) =f(x)+fly), VYVr,yeR

Bang phuong phap quy nap ta chiing minh dugc
f(n) =nf(l) =2016n, Vn € N*.

Do do,
a = f(2017) = 2016.2017.

Khi d6 ta ¢6 ham s6 f(x) = 2016z thda man diéu kién bai toan. That vay, véi f(z) =
2016x,Vr € R thi

f (1) = 2016,
f(z+y+ f(z)) =2016z + 2016.20172 = f (y) + ax, Vz,y € R.

Vay a = 0 vd a = 2016 théa man dieu kién dé bai.

Nhan xét. Trong bai toan nay dé tinh duge gia tri clia ham s6 tai diém = = 0 ching
ta da sit dung tinh don 4nh ctia ham s6. Viéc nhan ra f don anh 1a dé dang. Sau khi da
tinh duge f(0) thi vieéc thé cac gia tri nhu thé nao dé c6 thé "tan dung" dugc két qua
f(0) = 0 la ty nhien. Chtng ta nhic lai cac tinh chat co ban clia mot ham s6 thudng dugce
dling xuyén suoét trong cic bai toan gidi phuong trinh ham. Ham s6 f di tit mién xac dinh
D C R vao R duge goi 1a don anh néu f(z) = f(y) thi x = y v6i Vo,y € D. Ham s6 f
duge goi 1a toan anh néu véi z € R ton tai x € D sao cho z = f(x). Haum s6 f 1a song anh
néu n6 dong thoi 1a don anh va toan anh.

Néu bai todn c6 thém gid thiét f 1a mot ham s6 lien tuc hodc don diéu trén tap xéc
dinh thi ta c6 thé két luan ham sb

f(z) =2016x, VzeR

14 nghiém ctia phuong trinh trong truong hop a # 0 vi ham s6 f 13 mot ham cong tinh
va f(1) = 2016. Cha ¥ rang néu phuong trinh ham ctia bai toan la mot phuong trinh ¢6
dang "d6i xitng" giita cac bién (vi du nhu bai toan 2) ta thuong dung phép thé thay x bdi
y va thay y béi z, titc 14 hoan ddi vai tro clia z,y trong phuong trinh ban dau dé cé thé
chting minh duge tinh don anh cta noé.

Dai khi, trong mot s6 bai toan vé phuong trinh ham, ching ta khong thé tinh truc tiép
dugc cac gia tri tai cac diem dac biet ctia ham s6, ta thudng dat ching nhu la cac tham
s6, vi du dit f(0) = m roi thé bién ctia phuong trinh bdi chinh cac gia tri ctia tham s6
nay véi muc tieu la c6 thé tim duge ching. Bai toan tiép theo xuat hien Ky thi chon hoc
sinh giéi Qubc gia dit mon Toan 16p 12 nam 2005 sé minh hoa cho ki thuat nay.

Bai toan 3. (VMO 2005 A). Hay tim tat cd cdc ham s6 f xac dinh trén tap s6 thyc
R, lay gia tri trong R va thda man he thric:

f(f(x—y) = f@)fly) — flx)+ fly) —xy (2.13)

v6i moi s6 thuc z,y.



Loi giai.
Gia stt R — R 14 ham s6 théa man heé thic ctia dé bai, nghia la

(@ —=y) = f@)f(y) = flz) + Fly) =y
v6i moi s6 thuc z,y. Dat f(0) = a. Thé x =y = 0 vao (2.13) ta duge

f(a) = a*. (2.14)
Thé z =y vao (2.13) véi luu y t6i (2.14) ta duge:

(f (2))* = 2® + a® Vz € R. (2.15)
Suy ra (f (2))* = (f (=2))°,Vz € R hay
(f (@) = f(=2)) (f (x) + f (-2)) =0, V2 eR. (2.16)
Gia st ton tai 2o # 0 sao cho f(xo) = f(—z). Thé y = 0 vao (2.13) ta dugc:
f(f@)=af(x) - f(z)+a, VzeR (2.17)
Thé x = 0,y = —x vao (2.13) ta dugc:
f(f@)=af(—z) = f(-z)—a, VzeR (2.18)
Tix (2.17) va (2.18) suy ra
a(f(=z)—=f@)+f(x)+f(-2)=2a, zeR. (2.19)

Thé z = xo vao (2.19) ta duge
f(xo) = a. (*)

Mit khéc, tit (2.15) suy ra néu f(z;) = f(z2) thi 22 = 23. Vi thé , tu (*) suy ra zo = 0,
trai v6i gid thiét zg # 0. Mau thuan ching t6 f(z) # f(—x),Vx # 0. Do d6, tit (2.16) ta
suy ra

f(x) = =f(=x), Ya#0 (2.20)
Thé (2.20) vao (2.19)ta duge: a(f(z) — 1) = 0,Vz # 0. Suy ra a = 0, vi néu ngudc lai
a # 0 thi f(z) =1,Vz # 0 trai v6i (2.20). Do do, tit (2.15) ta co:

(f(z))* =2 VzeR. (2.21)

Gia st ton tai 29 # 0 sao cho f(zg) = xo. Khi d6, theo (2.17) ta phai co:

o) = —f(f(20)) = —=f(x0) = —f(x0) = —o.

Sz
Mau thuan ching t6 f f(zx) # x,Vr # 0. Vi vay, tu (2.21) ta duge f(x) = —xo,Vr € R,
Ngugc lai, kiém tra truc tiép, ta hady ham s6 tim duge ¢ trén théa man cac yéu cau clia
dé bai. Vay ham s6 f(z) = —z,Vz € R 13 ham s6 duy nhat can tim.
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Nhan xét. Giong nhu bai toan trude, bai toan nay ching ta lai gidp mot tinh hudng
"kinh dién" khi gidi quyét cac bai toan lien quan dén phuong trinh ham la

[f(x)%—a:} [f(x)—x} =0, Vz,yeR.

Tt déng thiic trén, ching ta chi c6 thé két luan dudce ring la gia tri cia ham f tai z va —u,
chit khong thé suy ra dudc cadc ham s6 thda man yéu cau ctia dé bai la f(z) = z,Vz € R
hoic f(z) = —x, Vo € R. Khi gip trudng hop nay chiing ta thuong xit Iy nhu sau, kiém
tra xem cac ham s6 f(r) = x,Vz € R hodc f(z) = —z,Vr € R ¢6 thda man yéu cau deé
bai hay khong, sau d6 chiimg minh ngoai ham nay ra khong con ham nao khéac thoa méan
yéu cau bai toan. Phuong phap thudsng dung ¢ day duge dung 1a phan chiing. Tin hudéng
nay da xuat hién trong mot bai phuong trinh ham & cac ky thi VMO trude dé.

(VMO 2002 B). Hay tim tat ca cac ham s6 f xac dinh trén tap sb thuc R, 1ay gia tri
trong R va thoa man hé thiic

f (y — f (93)) =f (x2012 — y) —2001yf (z), Vaz,yeR.

(VMO 2007). Hay tim tat ca cac ham s6 f xac dinh trén tap so thuc R, lay gia tri
trong R va thoa méan hé thiic

[ o +y) = f (@) 3 HO pe (3O ) vay e R,

Bai tiép theo nam trong dé thi Chon hoc sinh giéi Qudc gia duy thi Olympic Toan Qubc
té nam 2014 (VNTST 2014), c6 cung "y tuéng" tim ra gia tri f(0) nhu bai toan so6 3.
Bai toan 4. (VNTST 2014) Tim tat ca cac ham f : Z — Z théa man

f(@2m+ f(m) + f(m)f(n)) =nf(m)+m, Vm,n¢€ Z. (2.22)
Loi giai. Gia stt Z — Z 1a ham s6 théa man hé thic ciia dé bai, nghia 1a

f(@2m+ f(m)+ f(m)f(n)) =nf(m)+m, Vm,n€ Z
Dat a = f(0). Gia stt f = 0 la mot nghiém ctia phuong trinh. Khi d6 tur (2.22), ching ta
thiy rang

m=0, VmeZ.

Diéu nay 1a vo 1y, do d6 f = 0 khong phai la nghiém cta phuong trinh. V1 vay ton tai
q € Z sao cho f(q) # 0. Thay m = ¢ vao dang thiic (2.22) ta dugc

f2a+ fl9+ f@)f(n) =nfleg) +q, Vnel (2.23)

Néu f(n1) = f(na) Vni,ne € Z thi tut (2.23), ching ta dugce ny = ny. Do d6, f 1a mot ham
don &dnh. Thay n = 0 vao (2.23), ta dugc

f@m+(a+1)f(m)) =m, VmeLZL. (2.24)



V6i Vm € Z, ton tai u = 2m + (a + 1) f(m) € Z théa man rang f(u) = m. Do do, f 1a
mot toan anh. Vi vay ton tai b € Z sao cho f(b) = —1. Thay m = n = b vao (2.22), ta
duge f(2b) = 0. Thay m =n = 0 vao (2.22), ta ciing ¢6 f(a®+ a) = 0. Do do, ta c6

f(a®+a) =0= f(2b).

Vi f la mot don anh, ta dugc

a*+a
b= .
2
Mat khac, thay n = b vao (2.22), ta dugc
2
f(2m) = - ;_af(m) +m, VYmeZ. (2.25)

Thay m = 0 vao (2.22), ta dugc
f(af(n)+a) =an, Vne€LZ

Thay m = an vao (2.24) roi két hop véi dang thiic trén, ta suy ra

(a+1)f(an) 4+ 2an = af(n) +a, VYn € Z. (2.26)
Thay n = b, ta dugc ,
WD jo)=a,

do d6 ta c6 a € {0,1,—2}. Ta xét cac trudng hgp sau:
e Néu a =1 thi tir (2.26), ta dugc
fn)=1-2n, VnelZ.
Tuy nhién, ham s6 nay khong théa man yéu cau dé bai.
e Néu a = 0 thi tir (2.25), ta c6
f@2m)=m, Vme€Z.
Két hop v6i két qua (2.24), ta dugc
f(m) =0, Vme€Z,
vo 1y theo chiing minh 6 trén.
e Néu a = —2, thi tir (2.26) ta c6
f(=2n)+4n=2f(n)+2, Vné€Z.
Tu (2.25), ta dugc
f(=2n) = f(=n) —n.
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Do do, ta co
f(=n)+3n=2f(n)+2, VneL

Thay n béi —n vao dang thiic trén, ta ciing c6
f(n)=3n=2f(-n)+2, VneZ.

Két hgp hai diéu nay lai, ta suy ra f(n) =n —2,Vn € Z. Thit lai, ta thay ham nay
théa man yéu cau dé bai.

Vay ham s6 can tim 1a
fn)=n—-2, VYnelZ.

Nhan xét. O bai todn tren néu ching ta dy doan duge nghiem ham 1a f(n) = n — 2 thi
chiing ta sé c6 nhitng dinh huéng rat 6 rang trong thé bién dé tim ra dugc cac gia tri dac
biét. Ding truéc mot bai todn phuong trinh ham, ching ta luon "mo mam" tim nghiém
trong 16p cac ham da thitc. Quan sit thay rang, néu f(n) la mot ham da thitc thi bac clia
f(n) phai nho hon ho#c bang 1 vi néu khong vé trai ctia phuong trinh ham ban dau sé c6
bac 16n hon vé phai. Tt két qua nay ching ta dat f(n) = an + b r6i thay vao (2.22), ta
sé tim duge a = 1, va b = —2. RS rang néu ching ta tinh duge f(0) thi bai todn tré nén
vo ciing don gian. Nhung f(0) khong thé tinh dugc tryc tiép thong qua cac phép thé cac
gia tri ddc biet nén ¢ day ching ta da phai dat a = f(0). Tinh chat don dnh va toan anh
duge nhan thay kha dé dang va né 1a mot cong cu dic lyc trong viéc hd trg ching ta tim
dugc a. Tit cach gidi trén, ching ta c6 thé nhan ngay ring két qua bai toan ding trén ca
tap thuc R.

Trong mot s6 bai toan vé phuong trinh ham, ching ta sé cd gang tim phép thé "triet
tieu", day la phép thé gitp ching ta c6 thé gian wéc biéu thic chia f & ca hai vé cla
phuong trinh. T d6, ching ta sé duge mot phuong trinh ham don gian hon.

Bai toan 5. (Olympic Toan hoc Chau Au danh cho n& nam 2012) Tim tat ca cac
ham s6 f : (0;4+00) — (0;+00) thoa man

flx+f(y) =yflay+1), Vr,yec (0;+00). (2.27)

L&i giai. Dé cho thuan tién, ching ta sé st dung ki hiéu P(u,v) chi viéc thay = béi u va
thay y béi v vao (2.27). Vi du P(1,1) 1a chi viéc thay x = 1 va y = 1 vao (2.27). Gia st

f)-1 ol f)-1
% > 0, khi d6 véi phép thay P (y— y), ta duoc

y—17
yf(y) —1 yf(y) —1
PP < (M) e @oo) (2.98)
Diéu nay chiing t6 ring y = 1, Vy € (0; +00). Day la diéu vo ly. Do d6
-1
% <0, Vy e (0;400)\ {1}. (2.29)

10



Xét y > 1. V6i phép thay P (1 — i,y) ta ¢6

f@—§+f@0:yﬂw,Vy>L (2.30)

Ta xét cac truong hgp dudi day.
Néu f(y) >%th\11+f(y)—%> 1. Do do, ta c6

1
Firw-1) =w =1 w1
Diéu nay mau thuan véi (2.29).
. 1 1
Neéu f(y) < —thi0 <14 f(y) — — < 1. Do do, ta c6
Y Y
1
f 1+f(y)—§ =yf(y) <1, Vy>1
Diéu nay mau thuan véi (2.29). Tt hai truong hop tren ta két luan réng
1

Bay gio, xét x > 0, ta co
1

T = @) =af ) =

Diéu nay suy ra rang

1

f(x)=—, Vx>0

x

Thit lai ta thay ham s6 f (z) = —, Vo > 0 théa man cac yéu cau de bai.
x
Nhan xét. Nhiéu ban hoc sinh sau khi doc 161 gidi, sé tu dat ra cau hoi, bat nguon ti

dau ching ta c6 thé tim dugc phép thé "triet tieu" nhu vay. Quan sat phuong trinh, ching
ta kha dé dang du doan dugce

f(x)=—, Vz>0.

— 8

Chi ¥ réing, dé ¢6 f (z+ f (y)) = f (zy + 1) ta sé xét phuong trinh
r+ fly) =zy+1

Diéu nay dan dén
_fly) -1
y—1

11



Do chiing ta da du doan dugc
1
flx)y==, V>0
x

nén ta can chting minh yf(y) = 1. Vay tit (2.27) ta thay ring can c6

yf(zy +1) =yf(y),

vi thé ta can xét
:cy+1:y:>x:y—_1:1—l.
Y Y
Mot kinh nghiém khi gidi cdc phuong trinh c6 sit dung phép thé triet tieu dé 1a : "Néu
muon khit hai vé ctia phuong trinh f (¢ (z,y)), f (w (z,y)) 6 hai vé ctia phuong trinh ham
ta xét phuong trinh
¢ (x,y) =w(z,y),
khi d6 ta tim dugc y = A\(x) roi thay y = A(x) vao phuong trinh ham can xét.
Ngoai cach giai da néu & trén, ching ta c6 thé sit dung ki thuat thé sau dé co thé tim
nghiém ham ctia phuong trinh. Xét x > 1.

p(“f;{f(x)):f(”:;lw(x)):xf(x), Vo > 1. (2.31)
Thue hien P (g; 5” - Lys (a:)) ta duoc:
f <x+f (x;l +f(:c)>) = {x_l —|—f(1:)] fz+af(z), Vo > 1. (2.32)
Tir (2.31) va (2.32) suy ra:
z—1 r—1

@) =12 fx)=1- :>f(a:):§, Vel (2.33)

x
Dén day lam tuwong tu nhu cach 1.

Nhu da néi 6 phan mé dau, ciing nhu mot s6 vi du da néu, phuong phap thé "bao
trum" lén tat cd cdc phuong phap khac. Phan 16n khi giadi phuong trinh ham ta déu can
phéi thé bién. Vi thé day la mot phuong phap vo ciing quan trong. Dé két thiic bai viét,
ching ta sé di dén mot vi du c6 sy phoi hgp ctia nhiéu phuong phap, nhung "trung tam"
clia cach gidi phuong trinh ham van 1 phuong phap thé.

Bai toan 6. Tim tat ci cac ham s6 f: R — R théa man:

f (xQ +y+f (y)) = [f (at:)}2 +ay, Vz,yeR. (2.34)

Léi giai.
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Ta thiy rang néu a = 0 thi ¢6 hai ham s6 théa man phuong trinh (2.34) la f(x) =0
va f(z) = 1. Tiép theo, ching ta sé& xét a # 0. Do vé phai 13 ham bac nhat theo y nén c6
tap gia tri la R, do do6 ta dugc

{f@+y+r@)yer} =R

Diéu nay dan dén
{+y+f(y)lyeR} =R

Do d6 {f(y)|ly € R} =R, hay f la toan anh. V1 vay, ton tai b € R sao cho f(b) = 0. Ta
sé chiing minh néu f(z) = 0 thi z = 0. T (2.34) lay y = b ta dugc

F(e?4+0) = [f(@)]" +ab, VreR (2.35)
Tit (2.35) thay = béi —z ta c6
f (@2 40) = [f(~2)]" +ab, VzeR.
Két hop véi (2.35) ta duge
[f @] = [f (=) Ve e R,

Diéu nay suy ra

f (@) = [f (=2)|, Vo e R. (2.36)
Tt (2.36) suy ra f(—b) = 0. Tir (2.34) lay y = —b ta dugc:
F(a?=b)=[f(@)]"—ab, VzeR (2.37)
Tt (2.35) va (2.37) ta c6
f(2®+b) — f(2* —b) = 2ab, Vz € R. (2.38)

Tt (2.38) lay = = 0 ta dugdc

f(b) = f(=b) = 2ab
Vi f(b) = f(—b) nén 2ab = 0. Do d6 ta phéi c6 b = 0. Vay ta thu dugc tinh chat f(0) =0
va néu f(z) =0 thl z = 0, cling tu tinh chat nay ta ¢6: néu x # 0 thi f(z) # 0. Tu (2.34)
cho y = 0 ta dugc:

f(@?) =1[f (x)f, Vx € R. (2.39)
Tu (2.39) ta lay = 1 dugc

Trong (2.34) cho y = 1 ta dugc:

F+2)=[f(@)]) +a=[(2?) +a VeeR (2.40)

13



Thay = = 0 vao (2.40) ta dugc a = f(2). Do vay

Do d6, ta phéi ¢6 a = 2. Khi d6 (2.34) tré thanh
F@+y+ ) =[f@] +2, ¥ryeR (2.41)

Tir (2.41) iy y — (;‘ﬂ

I (wQU(TWH (W;ﬂz)) 0. VreR,

ta dudgc:

Vi vay

Do do, ta ducc

¥ (M) = 224 [f (;)} , Ve e R. (2.42)

2
Tt (2.41) thay y béi —M ta dugc:

f (x2 U (;/ﬂ iy (M)) @ - [f W] Ve ye R (2.43)

Tt (2.43) sit dung (2.42) ta c6

f (x—“%’” Sy (@)) =@ - W] vy e

Vi vay, ta dugce

f (132 — y2) =f (xZ) —f (y2) , Vo, y € R. (2.44)
Tu (2.44) 1ay z = 0 ta dugdc



T day, ta suy ra
f@)=—=f(=t),vt>0. (2.45)

Vit < 0 thi —t > 0, stt dung (2.45) ta thu duge f(—t) = —f(¢). Két hop véi (2.45) ta c6
f(=t) = —=ft), VieR,

hay f 1a ham s6 1é tren R. Tu day két hop véi (2.44) ta duge:

fl@t+y)=f@)+ fly), véi =0,y<0 (2.46)
Tt (2.46) cing co:
flx+y)=f(x) + f(y), véi 2 <0,y >0. (2.47)
Néu z > 0 vay > 0 thi
flaty)=f(z—(-y) = (@) —f(-y)=Ffl@)+ (). (2.48)

Néu z < 0 va y < 0 thi theo (2.48) ta c6 f(—z —y) = f(—x) + f(—vy), suy ra
—fa+y)=—f()=fly) = flety)=f@)+[(y) véiz<0,y<0. (249
Tit (2.46), (2.47), (2.48), (2.49) ta dugc

flety)=f(x)+fy), Ve, y eR. (2.50)
St dung (2.39) va (2.50) ta c6 két qua sau

[f(z+ y)}2 =f ((x + y)2) . Va,y €R. (2.51)
Cha y ring
[f @ +9)) = [f @)+ [ )]
=fP@)+2f (@) fy)+ ), VoyeR (2.52)
f ((fc + y)2> = f (2 + 22y + °)
= f(2®) + f Qzy) + f (V)
= f2(z) +2f (zy) + 2 (y), Va,y €R. (2.53)

Tir (2.51), (2.52) va (2.53), ta c6

flzy) = f(x)f(y), Vz,y€eR.
Vi f(-y?*) =—f(¥*).Vy €R, nen
f(x) >0, VreR".
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T do, véi x > y > 0, ta duge
f@)=fly)=fl@-y)>0, Vo>y=>0.

Do f 14 mot ham 18 nén diéu nay ching té rang, f 1a mot ham tang tréen R. T tinh cong
tinh ctia ham s6 f, ta dudc

f(x) =ax, VzeR.
Két hop v6i tinh chat nhan tinh ctia ham s6 f, ta thay rang

a=0 hoac a=1.

Vi f(1) = 1 nén ta c6

flz) =z, VzreR.
Thit lai ta thay ham s6 f(z) = z,Vx € R théa man diéu kién clia bai toan. Vay a = 2 1a
gid tri can tim.

Nhan xét. Chung ta thay rang vé mit ¥ tudng xay dung, két cau ciing nhu hinh thic,
thi bai todn s6 6 va bai toan sd 3 c6 nhiéu nét tuong dong. Day 1a mot bai toan hay va
kho, dé giai quyét duge bai toan nay, hoc sinh phai ndm vimg céc tinh chat co ban clia
ham s6, két hop v6i kinh nghiém khi st dung cac phép thé gidi quyét cac bai toin vé
phuong trinh ham. O ching minh phan cubi clia bai toan, ching ta st dung két qua tuong
déi "kinh dién" sau:

"Néu ham s6 f(z) 1a cong tinh va don di¢u trén tap xac dinh cia n6 thi khi d6

f(x) =ax, VzreR”.

Cach chiing minh két qua nay hoan toan tuong tu véi cac bude lam dé tim nghiem clia
phuong trinh ham Cauchy vi thé ching toi khong dua ra cach chiing minh & day va no6 1a
nhu la mot bai tap danh cho ban doc.

Bai toan sb 6 thiec ra la két qua tong quét ctia bai toan dudi day, duge dang trong phan
dé ra ki nay ctia tap chi "The American Mathematical Monthly" nam 2001

"Tim tat ca cdc ham s6 f : R — R théa man

F+y+ ) =[f@)] +2y,

v6i moi z, y thuoce R.
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3. BAI TAP TU LUYEN
Bai toan 7. (Slovenia National Olympiad 2010). Tim tdt cd cic ham f : [0, 4+00) —
[0, +00) thoa man

(y+ D f(x+y) = flzf(y), Vr,y€l0,+00).

Bai toan 8. (Switzerland Finad Round 2010). Tim tat cd cic ham so6 f : R — R
thoa man:

fF@)+ f(fw) =2y + flz—y), VryeR
Bai toan 9. (Romania Team Selection Test 2011). Tim tat cd cic ham f: R — R
thoa man

2f(@)=f@+y)+f(z+2), VzxeR  Vy>0.
Bai toan 10. (Olympic toan Canada - 2000) Tim tat cd cic ham so: f : R — R théa
man )
2

fla=—9?) =2 —2f @)+ (f )", Va,yeRr

Bai toan 11. (Poland Second Round - 2012). Tum tat cd cic ham sé théa man
9(f(@)) = flg(y)) +x,  Vae,y eR.

Bai toan 12. (Albania Team Selection Test 2013). Tim tdt cd cac ham so f : R — R
thoa man:

F@) + ) = (@+y)[f(@*) + f(*) - fay)],  VzyeR.
Bai toan 13. (IMO 2010). Tim tdt cd cic ham f: R — R théa man

faly) = f(@)[f )], Yo,y € R.

O day [a] duge ky hieu la s6 nguyén lon nhit nhé hon hodc bing a.

Bai toan 14. (Turkey National Olympiad First Round 2012) Tim tat cd cic ham
50 f: R — R théa man:

Bai toan 15. (Estonian 2003 - 2004) Tim tdit cd cic ham so f : (0;+00) — (0;+00)
thoa man:

Pl ) = Floy) + 1+ . Vay € (0500).

Bai toan 16. (Japan Mathematical Olympiad Finals - 2012) Tim tdt cd cdc ham
s6 f: R — R sao cho:

F(faty)fl@—y)=2"-f(y), ¥z, y eR.
Bai toan 17. (Macedonia MO - 2011 ) Tim tdt cd cic ham s6 f: R — R sao cho:
fr+yf@)=f(f@)+2f(y), Yo,y eR.

17



Tai liéu
1] NGUYEN TAI CHUNG, Chuyén khdo Phuong trinh Ham, Nha xuit Dai hoc Qubc
gia Ha Noi, nam 2014.

2] TRAN NAM DUNG, LE PHUC LU, PHAN MINH DUC, Ldi gidi va Binh lugn dé
thi Hoc sinh ¢idi todn Quoc gia lop 12 nam 2013, Dién dan toan hoc Mathscope.org.
3] TRAN NAM DUNG, VO QUOC BA CAN, LE PHUC LU, HOANG DO KIEN,

NGUYEN HUY TUNG, Loi gidi va Binh lugn dé thi Chon hoc sinh ¢idi todn Quéc
gia I6p 12 du thi Olympic Todn Quoc té nam 2014, Dién dan toan hoc Math-
scope.org.

[4] TAP CHI TOAN HOC VA TUOI TRE, s6 341, thang 11 nam 2005.

18





