Truong THPT chuyén Lao Cai Gido vién: Pdo Xudn Tiém

Bai gidng s6 06:

“ PHUONG TRINH HAM TREN LOP HAM PON PIEU ”

A.LY THUYET.

. Dinh nghia vé ham don diéu: Cho D 14 (a;b),[a;b],[a;b),(a;+0),....R va f(x) 1a ham

s6 xéac dinh trén D . Khi do:
A A Vx,yeD
(f(x) dongbién trén D) <
X<y
Vx,yeD

x <

= /0)<10)

(f(x) nghich bién trén D) < H

= /9210

Pon diéu 14 tén goi chung clia ham dong bién hodc ham nghich bién.

2. Tinh chit ciia ham don digu: Cho f(x) don diéu

:>f(x) la don anh.
f(x)=rf(y)ex=y
f(x+y)=r(x)+f(y),Vx,yeR (hodc R")va f(x) dondiéuthi f(x)=kx

3. Phwong phap giai:
e Phuong phép 1. Bién doi phuong trinh vé dang /(1) = f(v) do tinh don diéu hogc don 4nh
ctia ham s6 nén u = v 1a phuong trinh don gian hon.
e Phuong phap 2. Chira f (x) cong tinh trén R hodac R* do tinh don di¢u nén f (x) = kx
B. BAI TAP

Nhirng bai toan swr dung phwong phdp 1.

> Bai 1. Tim tat ca cac ham sé don diéu f:R — R thoa man diéu kién

f((1+x)f(y)):y-f(f(x)+1),Vx,yeR(1)

% Huwéng din:

o

o

Cho y=1tadugc f((1+x)/(1))=/(f(x)+1),VxeR(2)
Do f don diu nén tu (2) ta co (1+x)f(1)=f(x)+l,VxeR
:f(x):ax+b,Vxe]R

a=1

Thay lai diéu kién (1) ta dugc {

:>f(x):x,‘v’xeR
Thir lai thdy thoa man:
KL: f(x)=x,vxeR
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< Bai 2. Tim tat ca cac ham s6 ting /:R — R thoa man diéu kién

f(f(x)+y):f(x+y)+l,‘v’x,yGR 1.

% Loi gidi:
O (1) thay y =0 taduge f(f(x))=f(x)+1VxeR
6] (1) thay x=f(x) ta dugc

f(f(f(x))+y)=f(f(x)+y)+l=f(x+y)+2,Vx,ye]R (2)
e O(1)laithay y=f(») tadugc
F(F(x)+7(3)=f(x+7(p))+1=f(x+y)+2.Vx,yeR (3)
o T (2).3)= f(f(x)+y)+1=f(x+/(y))+LVx,yeR
Hay f(f(x)+y)=f(x+f(»)).Vx,yeR (4)
e Do f(x) ting trén R nén tur
( ) ( )+y f( )+x<:>f(x)—x:f(y)—y,‘v’x,yeR (5
e Dat g( ) ( )—x,Vxe]R
:g( ):C,‘v’xeR:f(x):x+C,VxeR
e Thay vao (1) tacd C la nghiém cua phuong trinh
f(x+y+C)=x+y+C+lex+y+C+C=x+y+C+l=C=1
:f(x):x+1,Vxe]R
e Thu lai thiy thod mdn = f(x)=x+1VxeR

Nhan xét:
Cach 2. Do vé phai doi xirng nén

S(S(x)+p)=S(f(9)+x)= () +y =1 (v)+x= [ (x)=x+C.
Cach3.Cho x=y=0 suyra f( (0)) £(0)+1

Thay y bdi —x tacod f(f(x) ) ( )

Suy ra f(f(O)):f(f(x)—x) suyra f(x)=x+1.

< Bai 3. Tim tit ca cac ham s don diéu f:R —> R thod man diéu kién

f(x+f(y)):f(x)+y,‘v’x,yeR 1.

O (1) thay x=0& y =x taduogc f(f(x))=x+£(0),VxeR (2)
O (1) thay x= f(x) va sir dung (2) ta dugc
F(fx)+7 ()= (f(x)+y=x+y+£(0)=F(f(x+y)).Vx.yeR (3)
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e Do f(x) don di¢u trén R nén tr (3):>f(x+y)=f(x)+f(y),‘v’x,y eR
= f(x)=kx,Vx e R,k 1a hing s
e Thay vao (1) ta cd k 1a nghiém cua phuong trinh (k2 —l)y =0,VyeR & []]i i : i
e Vay f(x)=x,‘v’xeR hoac f(x)=—x,‘v’xe]R
e Thu lai thiy hai ham s6 trén thoa man
=KL: f(x)=x,VxeR hoac f(x)=-x,VxeR
Nhan xét:
Coduge f(0)=0va f(f(x))=x.0(1)thay x béi f(x) taco f(x+y)=f(x)+/(y) suyra
f cong tinh.

04 Bai 4. Tim tat ca cdc ham s6 don diéu f:(0;+00) - R thod man diéu kién

f(x+f(y))=ﬁ,Vx,ye(O;+oo) 1.

% Loi giai:
e Tu (1)=x+/(y)>0,Vx,ye(0;+0)= f(x)=0

e O (1) thay x:y—_l,Vy>1 ta dugc f(y—_1+f(y)J=1,Vye(l;+oo) (2)
y y
Mait khac & (2) thay y =x ta duoc f(x—_l‘i‘f(X)j:l,v.XE(l;-i-OO) (3)
X
Tir (2) (3) va tinh don diguciia £ = 1——+ £(y)=1-L+ £ (x),Va,y e (I;+0)
y x

= 1—l+f(x)= Ce f(x)=l+k,v;ce (L;+00),k 1a hing s6 khong am.
X X
e Thay vao (1) = k 1a nghiém cua phuong trinh

1 y
k=—"+-YV I
x+f(y)+ xy+1’ x,ye(,+oo)

J -7 ,Vx,ye(l;+oo)
xy+1l+ky xy+1

k=0
:f(x)zl,Vxe(l;%O)
X

, , . Vx>0 v oa L . N 1 y
o Xétvoi khi @6 (1) dugc viét lai thanh f| x+— |= ,Vx>0,Vy>1 (4)
vy >1 y) xy+l

1
x+—

y

1 1 . 1 e
Hay f(x+—]=—,Vx>0,Vy>l.Kh1 lay y 1on tuy y thi — nhan gia tri duong va du
y y

gan 0. Nén x+l voi Vx> 0,Vy >1 co tip gid tri 1a (0;+00). Nén f(x):l,Vx>0
y x
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e Th lai thay thoa min
KL: = f(x) = l,Vx € (O;+oo)
X
Céch khac:

Tu (1) suy ra f(x+f(y)):;1,Vx,y>0
x+—
y

Thay x,y lﬁnlu(ﬂbéil,ltac()f(l+f(lj]: ! =f(x+f(y))
y X y "\x)) 1,
X
y

Do don anh suy ra f(y):l+c thtr lai suy ra ¢ =0 suyra f(x):l.
y x

> Bai 5. Tim tat ca cdc ham s6 ting f:(0;+oo)—>R thoa man diéu kién
1 1
f(f X +—j:—,Vxe 0;400) (1).
(41 )= v

% Huéng din:
o Tir(1)= f(x)+2>0,Vx>0
X

. O(l) thay x:f(x)+%:>f(x):f f(f(x)+l]+ 1

. T
rx)e)
Do f ting nén x:f(f(x)+lj+ ! , Vx>0
)
x
145
2x
=xf2(x)=x(x)-1=0,vx>0= f(x)=
(- () 0= 2
2x
1+/5
,VxeD
Suy ra f(x)z1-|_\/§,VJCER+,f(x):1_\/§,VerR+ hodc f(x)= 2x
2x 2x 1-5
,VxeR"\D
X
_1+«/§

Néu f(x)= > ,VxeR" loaivi f tang.
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, VxeD

1+\/§
2x
1-+/5

2x

Xétham f(x)= néu D c6 nhiéu hon hai phan tir 1a x, < x, tir ham

,VxeR"\D

_1+«/§

2x

véi xe D suyra f(xl) > f(xz) diéu nay lai mau thuin véi f(x) tang. Do

V5 1) 2y
1++/5

Xo X0
L W — 3+«/§
ﬂ+1 3445 ( ) T 2

— =X, > X, = suyra f(x)=

/(%)

d6 D chi c6 thé chira mot phan tir 12 X, suyra f ( . Néu

2x X, 2 -
0 0 ! \/g,VxeRW?)JM/g
2x 2
P&i v6i ham ndy ta cho x=10> 3+2\E nhung d& thay f(lo)—lzfﬂ{ 3+2£J

+5
+— # X, suy ra
Xo Xo

di¢u nay lai mau thuan véi ham tang. Con néu

1-Vs = 2x, = —4 =4x, ﬂ + L vo 1. Vay D khong c6 phan tir nio,
) 1+/5 N 1) 1+ J5 2x, X,
2x, X,
9 ’ \ 1 - \/g + A 5 ~ PTDN A 5 N ’
suy ra chi cé ham f (x) =———,Vx e R" thay théa man moi diéu kién cua bai toan.

Nhirng bai toan swr dung phwong phap 2:

>4 Bai 6. [ Olimpic, trang 116]
Tim tét ca cicham s f:R — R thoa man diéukién f(x*+ f(»))=y+f*(x),Vx,yeR.

% Hwéng dan:
o Chira f(O) =0. That vay

Cho x=0 taco f(f(x))=/>(x),VxeR (2)

f latoan anhnén JaeR:f(a)=0

Thay x=y=a tacod f(az):a+f2(a):a

Suy ra f(f(az))zf(a):>f2(a2)=03f(a2):0:>a:0
o Chira f(x+y):f(x)+f(y),Vx20,ye]R.Th@tvefty.

Tacd VxZO,VyeR:f(x+y)=f((x/;)2+f(f(y)))=f(y)+f2(\/;)=f(y)+f(x)
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o Xéttrénkhoang R* tacd Vx>y>0tacd f(x)=f(x—y+y)=f(x=y)+ /()
Tu (1) cho y=0taco f(xz)zfz(x),‘v’xeR:f(x)ZO,‘v’xeR va f(x):O<:>x:0
suy ra f(x)>0,‘v’x>0 suy ra f(x)>f(y),Vx>y>O
Vay f lasbtangtrén R" ma f congtinhsuyra f(x)=kx=k=1= f(x)=x,Vx>0.
f(x)=x
o Véix<0taco f3(x)=f(x :xzz{
( ) ( ) f(x):_x

az—a:a+a2

Gia stir EIa<O:f(a)=—a suy ra f(az—a):a+a2:>{ ) ,=>a=0 mau thudn.
a-a =a+a

Vay f(x):x,Vx<0
Vay f(x)=x,‘v’xe]R

Cach khac:
Chi ra dugc f(O) =0 va f song anh
Taco f(f(x))=xVxeR

Taco f(x*)=/*(x)20,VxeR= f(x)20,Vx20 vd f(x)=0<>x=0

Chiradugc f(x+y)=f(x)+f(»),Vx=0,yeR

Thay x boi —x tacod f° (x)=f2 (—x):>f(x)=f(—x) hoac f(x)=—f(—x) néu
f(x)zf(—x) ma f donédnhsuyra x=0 suyra f(x)z—f(—x),‘v’xeR.

Voi x<0,yeR tacod f(x+y):f(—(—x—y)):—f(—x—y):f(x)+f(y)

Suy ra f(x+y):f(x)+f(y),‘v’x,yeR.

Xét x>y suyra f(x)=f(x—y+y)=f(x—y)+f(y)>f(y) suyra f tang.

Vay f cong tinh va ting suy ra f (x)=kx, thir lai ta duge k=1, suyra f(x)=x,VxeR.

Bai 7. (Hy lap 1997) Gia st f: (O; +oo) — R thoéa man ba diéu kién:
a) f tang nghiém ngat
b) f(x)>—.Va>0
X

o f(x)f(f(x)+lJ —Lvx>0
X
Tinh £ (1)
Huéng dan: Tuong tu bai 5.
Bai 8. Tim tit ca cac ham s6 f:[1;+00) —>[L;+0) théa man f (xf (y))=f (x),Vx,y 21,

Giai:
Ta chtrng minh dugc f* 1a song anh.
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Ta ching minh f ddng bién. That vay : Vi f don anh nén chi c6 duy nhat mot gia tri 1a 1 dé
f(1)=1,néu y>1suyra f(y)>1.Xét x>y=>1tacod

f(x)=f&y]=f(ff(f(y))j=f(§j.f(y)>f(y) suyra f dong bién.

Cho x=y=1 suyraf(f ) f()

Thay x=1 suyra f(/(y))= ,Vy>1

Néu f( >x suy ra f(f(x) suyra x>f(x) vo ly.
Néu f( <x suy ra f( (x) suyra x<f(x) vo ly.

Vay f(x)=x,Vxe[l;+x)

Bai 9. (Irac 1997) Cho ham s6 f:R — R 1a ham giam thoa mén
f(x+y)+f(f(x)+f(y))=f[f(x+f(y))+f(y+f(x))],Vx,ye]R.Chfmgminh ring
f(f(x)):x,‘v’xeR.

Bai 10. (Italy 2000)
Tim tat c4 cac ham don diéu ngat f:R — R thoa man f(x+f(y)) = f(x)+y,‘v’x,y eR.

Bai 11. [ chon HSG tinh Pha Tho, nam 2014-2015]
Tim tat ca cac ham sb don diéu £ : (O; +oo) — R thoa man diéu kién sau:

1 1
f(x+y) — 20 (x2013j+y2014f(y2013J véimoi x,y >0

Giai:
Viét lai phuong trinh da cho nhu sau

1 1
f(x+y)=x"" (Wj + yzm“f(yzo13 j,Vx,y >0 (1)
Cho x =y tu (1) ta co f(2x) 2x2°14f( 2013j Lai cho x =1 thi f(2) = 2f(1)

Do d6 phuong trinh (1) trd thanh
f(2x)+£(29)

f(x+y): 5 ,Vx,y>0(2)
Tir (2) suy ra véi Vx,y,z > 0 thi
f(4x)+f(4y)+ s
f(x+y+z):f(z(x+y2))+f(2z): 2 : f(22)
_ f(4x)+f(4y)+2f (22) (3)
4
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Tuong tu, véi Vx,y,z >0 thi

f(4x)+f(42)

f(x+y+z):f(2(x+22))+f(2y): 5 : +f(2y)
S0+ F(42) 42 (29)
4
So sanh (3) va (4) ta duoc

a(

f(4x)+f(4y)+2f(22) = f(4x)+ f(4z)+2f (2y)
= f(4y)-2f(2y) = f (42) - 2f (22)
= 1(2y)-2f (y)=£(22)-2f (2),Yy,2> 0
= £(22)-2f ()= F(2)~2£ () =0 F(29) =2/ (3), ¥y >0
Khi d6 (2) suy ra f(x+y) = f(x)+f(y),Vx,y >0
Nhu vay bai toan da cho tr¢ thanh: Tim tat ca cac ham s6 don diéu f: (O; +oo) — R thoa man
f(x + y) = f(x) + f(y),‘v’x,y > 0. Theo ly thuyét phuong trinh Cauchy thi
f(x) =ax,Vx >0,a € R . Thi lai ta thdy ham sb f(x) =ax,Vx > 0,a € R thod min phuong
trinh ham da cho. Vay f(x)=ax,Vx >0,aeR.
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