Céac bai toan hinh hoc dé nghi cho IMO 2017

Bai 1 (G1-Bai do Italy dé xuit cho IMO 2017). Cho ngii gidc 16i ABCDE théoaméan AB =
BC =CD, EAB = BCD va EDC = CBA. Ching minh ring dudng thang di qua F vudng goc
v6i BC va cac dusng thang AC va BD dong quy.

Loi giai.

Cach 1: Duong trung triyc ciia cac doan AC, BD lan lugt di qua B, C' va cat nhau tai I. Ta c6
CI 1L BD va BI 1 AC. Goi H la giao diém ctia AC va BD, trong tam giac BIC c6 H la triec
tam, nén JH | BC. Do dé, ta chitng minh E thuoc duong thing HI, hay IE 1 BC.
Céc duong thang IB, IC tuong tng la phan giac ciia géc B va C. Ta c6 IA = IC, IB = ID
va AB = BC = CD nén cac tam giac IAB, ICB va ICD dong dang véi nhau. Suy ra TAB =
ICD = 2 = ;1, nén /A la phan giac cua géc A. Tuong tu, ID la phan giac ciia goc D. Suy ra [
cac déu tat ca cac canh clia ngii giac. Do d6 IE 1a phan giac clia goc E.
Trong tit giac ABIFE ta co
BIE = 360° — EAB — ABI — AEI
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nghia la ta c6 EI 1 BC, hay bai toan dugc chiitng minh.
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Cach 2: Ta trinh bay cach khac chitng minh E thuoc dudng thang I H.
Theo chiing minh trén, ngii giac ngoai tiép duong tron (I). Goi T 1a tiép diém cta (I) véi BC. Ap



dung dinh 1f Brianchon’s cho luc gidc ABTCDE, ta ¢6 AC, BD va ET dong quy, hay E thuoc
duong thang IT.

Cach 3: Chung ta chi ra thém mot cach chiing minh IE | BC.

Trong ngt giac ABCDE, ta c6

E <180° < A+ B+ C+ D > 360°.

Suy ra A+ B =C + D > 180°, do d6 tia EA va CB cat nhau tai Q, tia ED va BC cat nhau tai
Q. Khi d6
PBA=180°— B =180°— D = QDC,

tuong tu PAB = Q/@ Ta c6 AB =CD, nén APAB = AQCD, do d6 APFEQ can tai ¥ nén
EP = EQ.

P B C Q

Trong 10i gidi 6 cach 1 thi ATAB «~ AICD. Tu d6, suy ra hai tit gidc PAIB va QCID dong
dang, do d6 IP = I(). Diéu d6 c6 nghia I E 1a duong trung tric ciia doan PQ, hay EI 1 PQ &<
EI 1 BC.

ANhan xét. Ta thay trong ba 15i gidi trén déu diing dén diém . Tiy nhién, c6 15 giai ta khong
can dung dén I, sau day la mot 1i gidi nhu vay:

Goi J 1a tam duong tron ndi tiép tam giac QC'D (P, Q 1a cac diem duge xac dinh trong cach 3),
ta chiing minh dugc ABHC «~ ACJD. Goi S 1a hinh chiéu vuong géc ctia J len CD, T 14 hinh
chiéu vuong goéc ctia H len BC, ta co

CD+DQ-QC PB+BC+CQ PQ

QT = QC +CT = QC + DS = QC + . > 5

Do d6 T 1a trung diém ctia PQ. Vay H, T, E nam trén dudng trung truc ciia doan PQ).
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Bai 2 (G2-Bai 4 dé thi IMO 2017-Luxembourg dé xuat). Cho R va S la hai diém phan
biet trén dudng tron €2 sao cho RS khong phai 1a dudng kinh. Cho ¢ 1a tiép tuyén tai R cua €.
Lay diém T sao cho S la trung diém ciia doan thing RT. Lay diém .J trén cung nho RS ciia Q2 sao
cho duong tron ngoai tiép I' clia tam gidc JST cét £ tai hai diém phan biet. Goi A 1a giao diém
gan nhat R cta I' va (. Dudng thang AJ cét lai Q tai K. Chiing minh rang KT tiép xic véi I
Loi giai.

Loi giai 1.

Xét duong tron €2, ta c6 LKRS = ZKJS
(hai g6c noi tiép cing chian cung KS). (1)
Vi AJST la tit giac noi tiép va A, J, K thing

hang nén

LATS =180° — LAJS = LK JS. (2)

T (1) va (2), suy ra

/KRS = ZATS = /RTA. (3)

Vi AR tiép xtuc Q tai R nen ZSKR = /ZRSA = ZART. (4)

Tu (3) va (4), suy ra ASKR ~ AART.

Do d6, véi Iuu ¥ S 1a trung diém ctia AT, ta c6 ]7%1]}? = ?‘2 = 1;;
Tu (5) va (1), suy ra ATKR ~ AAST. Do d6 ZKTR = £LSAT.
Loi giai 2.

Chting minh nhu 6 Loi giai 1, ta co:

LKRS = ZATS. Do d6, RK || TA. Do S la
trung diém ctia RT nén lay L doéi xing véi K
qua S thi t@ giac RKTL la hinh binh hanh
va do d6, L ndm trén duong thang TA. Vi
AR tiép xtc v6i Q tai R va RK || TA néen
LZARS = ZRKS = ZSLT. Suy ra, RALS la
t1 gidc noi tiép.

Két hop v6i RL || TK (do RKTL la hinh binh hanh), ta dugec LSAT = ZSRL = ZSTK. Suy
ra, KT tiép xtc v6i I tai T. 0

Bai 3 (G3-Bai do Ukraine dé xuat cho IMO 2017). Goi O la tam dudng tron ngoai tiép
tam gidc nhon ABC. Cac duong cao ké tit B, tit C lan luot cat duong thing OA tai P va Q. Goi
H 13 tryc tam cla tam giac ABC. Chitng minh rang tam duong tron ngoai tiép tam giac PQH
nam trén dudng trung tuyén ké tit A ctia tam gidc ABC.

Lai giai.



Khong mat tinh tong quat, gia st AB < AC. Ta c6

—_— —_— —_— 1 —_— —_—
PQH =90° — QAB =90° — OAB = 5AOB = ACB.

Tuong tu ta co Q/P\H — ABC. Do d6 tam gidc ABC va HP(Q dong dang véi nhau. Do
AHP = 90° — HAC = ACB = HQP

nén AH 1a tiép tuyén ctia dudng tron ngoai tiép tam giac PQH. Goi T la tam ctia dudng tron
ngoai tiép tam giac PQH. Goi M la giao diém ctia AT va BC. Goi S la giao diém ctia tiép tuyén
tai A clia dudng tron ngoai tiép tam giac ABC' véi dudng thang BC. Do tam giac ABC va HPQ
dong dang v6i nhau nén OSM = TAO = m, suy ra bén diém M, O, A, S ciing nim trén mot
duong tron. Ma SAO = 90° nen SMO = 90°, suy ra M 1a trung diém BC. Nhu vay T’ nim trén
duong trung tuyén ké tit A ctia tam gidc ABC. Ta c6 diéu phai chitng minh. O

Bai 4 (G4-Bai do Dan Mach dé xuat cho IMO 2017). Ki hi¢u w 1a dudng tron bang tiép
goc A clia tam giac ABC. Goi D, E, F tuong tng la cac tiép diém clia w véi cac duong thing
BC, CA, AB. Duong tron (AEF) cit duong thang BC tai P va Q. Goi M la trung diém ctlia
doan thang AD. Chiing minh ring duong tron (M PQ) tiép xtc véi duong tron w.

Loi gii.

Loi giai 1.
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Ki higu Q 1a duong tron (AEFPQ) va v 1a duong tron (M N P). Goi T la giao diém thit hai, khéc
D, ctia duéng thing AD va dudng tron w. Goi A’ 1a tam cia dudng tron w. Vi A’E L AFE va
A'F 1 AF nén AA’ 1a dudng kinh ctia Q. Goi N 1a trung diém ctia DT. Vi A’ la tam clia w va
D, T € wnén LZANA = 90°. Do d6, N € Q. Xét phuong tich ctia D d6i v6i cac dudng tron v va
Q, ta dugc:

DP~DQ:DA'DN:2DM-D2T:DM-DT.

Suy ra, bon diém P, Q, M, T cung thuoc mot duong tron. Xét hai truong hgp sau:



e Truong hop 1: EF || BC. Khi d6, ABC' la tam giac can; vi thé, ta c¢6 ngay diéu phéi ching
minh nho tinh déi xing. Goi R 1a giao diém ctia BC va tiép tuyén tai T’ clia dudng tron w.

Ta cé R, N, A’ thang hang (vi cling thuoc trung tryc ctia DT). Do d6, RP-RQ = RA'-RN.

e Truong hop 2: EF khong song song BC'. Mit khac, xét tam giac vuong A’DR, ta c6 RD? =
RN -RA'. Vi thé, RD? = RP- RQ. Suy ra, RT? = RP-RQ (vi RT = RD). Do d6, RT tiép
xtic v6i v tai T. Tt day, vi RT tiép xiic véi w tai T, hién nhién suy ra w va 7 tiép xic véi

nhau tai 7.

Lai giai 2.



G

Goi I, K va L theo thit ty la tam clia cac dudng tron w, (MPQ) va AEF. Dudng thang AD
tuong ting cit cac dudng tron (AEF) va w tai diém thit hai H vi G. Ta sé chitng minh G nam
tren duong tron (M PQ) va I, K, L thang hang. Do ZAFI = ZAEI = 90°, nén Al 1a dusng kinh

ctia duong tron (L). Suy ra ITH 1 AH hay ITH 1L DG. Do d6, H la trung diem DG. Do M la
DM 1 DH

trung diém AD, H 1a trung diém DG, nén Sl el suy ra

DM -DG = DH - DA = Pp) = DP - DQ.

Suy ra G € (K). (1)
Xét hai truong hgp sau:

e Truong hop 1: AB = AC. Tam giac ABC can tai A, dod6 A, D, G, I, K, L, M cing nam
tren mot duong thang. Vi thé, cic dudng tron (M PQ) va w tiép xtc nhau tai G.

o Truong hop 2: AB # AC. Do M la trung diém ctia AD, L la trung diém ctia AI, nén
ML | DI. Tt d6, do ID L PQ, suy ra ML 1 PQ. Béi vay, M, L, K thang hang (do
LK 1 PQ). Do KM || ID nén /ZKGM = ZKMG = ZIDG = ZIGD = ZIGM. Suy ra
K, I, G thang hang. (2)

T (1) va (2) suy ra cac dudng tron (M PQ) va w tiép xic véi nhau tai G.

ANhan xét. Bai toan nay c¢6 lien quan gan giii véi két qué co ban sau: Cho hai duong tron (O)

va (O') tiép wic vdi nhau tai A. Tiép tuyén tai mot diem M cia duong tron (O) cit duong tron
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(O') tai hai diém B, C. Khi dé, duong thang AM sé di qua diém chinh gitta cung BC ciia duong
tron (O').

O

Bai 5 (G5-Bai do Ukraine dé xuat cho IMO 2017). Cho ABCCB; A 1a luc giac 16i thoa
méan AB = BC va duong trung truc clia cac doan thing AA,, BB;, CC; trung nhau. Goi D la
giao diém ctia AC; va A,C, w la duong tron ngoai tiép tam gidac ABC. Puong tron w cit dusng
tron ngoai tiép tam giac A, BC, tai diém E # B. Chiing minh ring BB; vd DE céat nhau tai mot
diém ndm trén w.

L&i giai.

Cach 1: Néu AA, = CC, thi BB, la truc déi xiing cua luc gidc ABCC,B1A;, do d6 duong
trong ngoai tiép tam gidc ABC va A;BC, tiép xtc trong tai B, hay bai toan hién nhién ding.
Khong méat tinh tdng quat, ta gai sit AA; < CC,. Goi R la tam dang phuong ciia hai duong tron
(AEBC), (A;EBC) va duong tron ngoai tiép ctia hinh thang can ACC,A;. Ta thiy R la diém
dong quy ctia cac dusng thang BE, AC va A,C;. Do tinh déi xiing ctia AC va A;C) nén R nim
trén dudng trung truc cua cac doan AA; va C'Cy, d6 cang chinh 1a phan giac ngoai ctiia géc ADC.

Goi F 1a giao diém thit hai ctia DR v6i dudng tron (ACD), khi d6 ta c6
RB-RE =RA-RC = RD - RF,

suy ra cac diem B, E, F, D nam trén mot dudng tron. Vi duong thang RF 1 phan gidc ngoai
cia goc A/D?, nén F la trung diém clia cung CDA. Do AB = BC', nén trén duong tron w thi
B la trung diém clia cung AEC. Ké dudng kinh BM cau dudng tron w, ta c6 M la diém chinh
gitta cau cung CA ctia w. Do d6 B, F, M nam trén duong trung tryc ctia doan AC, vi vay ching

thang hang.
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Cubi ciing, do M nam trén w c6 BM la duong kinh, nén BXM = 90°. Hon thé nita
EXM =180° — MBE = 180° — FBE = FDE,

suy ra MX || DF. Lai ¢6 BX | MX va BB; L FD nén X nam trén dudng thang BB;.
Cach 2: Ta dinh nghia M la d6i xiing véi B qua tam clia dudng tron w, R la diém dong quy ciia
cac duong thing AC, A,C, vi BE, ta chiing minh dugc R nim trén duong phan gidc ngoai ciia
goc ADC.
Ta c6 B la trung diém clia cung AEC . dudng thang BER la phan gidc ngoai clia goc CEA.
Bay gio ta chitng minh phan gidc ngoai clia cic goc ADC va AEC cit nhau tai mot diém nim
trén doan AC.
Goi S 1a giao diém ctia phan gidc ngoai goc ADC véi AC va S' a giao diém clia phan giac ngoai
goe CEA (1a duong thing EM) véi AC. Ap dung tinh chét ciia phan giac ta c6

AS AD AR AE AY

cs C¢D CR CE (CS”

nén taco S =9".

B&i RDS = SER = 90° nén céc diém R, S, D nam trén duong tron.
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Goi X la giao diém ctia dudng thang BB; va DE. Ta c6 EXB = E/ES‘, vi BB; va DS cung vuong
g6c voi DR, EDS = ERS vi ERS = EMB vi SR L BM va ER L ME. Vi thé EXB = EMB,
hay X niam trén dudng tron w.

O

Bai 6 (G6-Bai do Czech Republic dé xuat cho IMO 2017). Cho s6 nguyén n > 3, ta lay
2 da gidc déu n- canh A va B. Chitng minh rang cic dinh ctia A4 ndm bén trong B hoac trén bién
ctia n6 thi ndi tiép nhau. (Tic 14, chitng minh ton tai mot dusng thang chia cac diém ctia A nim
bén trong B hodc trén bién ctia B tit cdc diém khéc ctia A).

Loi giai.

Trong chiing minh nay, thi mot da gidc duge tinh cd phan bén trong va phan bién clia né.

Ta sé tim mot da thic déu n-canh C thoéa méan
e dugc ghim vao B (ttic 1, moi diém ctia C ndm trén chu vi ctia B).
e 13 anh tinh tién ctia A, hodc 1a anh vi tir ciia A vé6i hé s6 vi tu duong.

Ta lay mot da gidc duge xac dinh nhu sau. Cho O4 va Op 1a tam cia A va B, 1ay A 14 mot dinh
tuy v cia A. Cho 5;6 la vecto ciing huéng véi m, v6i C' ndm trén dudng chu vi ctia B. Quay
C vong quanh Op bang cac goc z, ta sé dugc da gidc yéu cau. Dé thay, né 1a hinh déu, duge ghim
vao B (vi moi dinh ctia C ndm tr%n chu vi ctia B), sau d6 n6 1a dnh tinh tién hodc vi tu O.A dén

OgC bién A thanh C. Ta chia lam hai trudng hop



TH1

TH2

11

: C 1a 4nh ctia A qua phép tinh tién theo .

Ki hiéu ¢ 14 phép dich chuyén tinh tién theo vector ¥. Ta can chiing minh ring cac diém ctia
C nam trong B dudi t 1a ndi tiép nhau. Dé hinh dung, ta tham kho hé toa do Carte-sian
v6i viee truc o 1a dang huéng theo ¥. Bang phuong phap nay, khai niém vé phai/trai va
trén/dudi duge dua ra, theo truc x va y tuong tng.

Cho Br va Bp la phan dinh trén va dinh dudi ciia B (néu mot vai dinh 1a can xiing hai beén,
chting ra lay diém ngoai cting bén phai). Ching chia chu vi ctia B vao phan bén phai By va
phan ben trai B, (dinh By va Bp la gid stt ndm cé hai dudng); méi phan thanh mot tap con
ctia chu vi hinh B. Do dé, cac dinh ctia C dugc chia thanh hai phan C, C B, va Cr C Bg,
déu gdom cac diém ndi tiép.

Bay gio, tat cd cac diém ctia Br (bao gom ca Cr) di chuyén ra ngoai B duéi ¢, tit khi 1a
diém ngoai cling bén phai ctia B trén dudng ngang tuong ting. D6 1a mau chét trong viée
chiing minh céc diém ctia C ndm trong B dudi ¢ 1a noi tiép.

V6i cing cach lam, lay Cp, Cy, va Cs la ba diém trén C, sao cho Cy nam giita C; va Cs,
va dudng t(C1) va t(C3) trong B; ching ta can chiing minh rang ¢(Cy) € B la ding. Cho
A; = t(C;). Dudng qua (Cy) song song véi U cat doan thiang C;C3 dén bén phai ciia Cy;
diéu d6 c6 nghia la dudng vuge qua A;As 6 bén phai Ay, bdi A, ndm bén trong tam giac

A,C A3z bao gom ctia B. Diéu phai chitng minh.

: C 1a anh vi tu ctia A v6i tam 1a X v6i ti s6 dong dang k > 0.

Ki hieu h 1a phép vi tu C dén A. Chiing ta can chiing minh ring cac diém ctia C nim trong
B sau phép h la néi tiép. Néu X € B, khang dinh la don gian. That vay, néu k < 1, khi do,
cac diém ciia A nam trén doan thang XC (C 1a mot diém trén C) nam trong B. Néu k > 1,
khi d6 cac diém ctia A ndm trén phan phan mé rong vi du nhu ciia doan théng X C, va hau
hét nhitng phan mé rong dé nim ngoai B. Néu trong trudng hgp chi mot hodc hai diém ciia

A nam trén mién bién ciia B thi cac diem con lai van noi tiép.
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Tu day, ching ta gia dinh X ¢ B.

Bay giv, c6 hai diém By va By clia B sao cho B nim trong géc /By X Bg. V6i By, ta chon
diém xa nhat v6i X khi k& > 1, va la diém gan nhat khi k£ < 1. Ta tham khao khong gian toa
do Cartesian dé truc y ciing huéng véi BB—BT)7 va X nam bén trai ctia duong BrBg. Cha ¥
rang, chu vi ctia B chia bdi By va Bp thanh bén phai B va bén trai By, va tap cac dinh

cua C chia thanh hai tap con Cp C Bg va Cr, C By.
X

Cy

B B A2 BT

TH2.1 : k> 1.

Ta thiy cac diém ctia Br (bao gom ca Cr) ra ngoai B sau h, bdi vi chiing 1a diém xa
nhat ctia B nim trén cac tia tuong tng tit diem X. N6 cho thay rang cac diém ctia Cp,
nam trong B 1a noi tiép.

Theo cach tuong tu, lay Cy, Cy, Cs 1a ba diém ctia Cy, sao cho C, nim gitta C; va Cs,
va h(C1) va h(C5) nam trong B. Cho A; = h(C;). Khi d6 tia XCy cdt C1C3 ngoai Cs,
dé tia do6 bang qua A; A3 ngoai Ay; don gidn thay ring A, nim trong goc A;C'As, nim
bén trong B, tit d6 don gian thay rang A nam trong goc A;CyAs, bén trong B.
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Ch

TH2.2 : k < 1. Cach chitng minh twong tu nhu phan 1. Tat ca céc diem ctia B, (bao gom tit
Cr, di chuyén ra ngoai B qua phép h), bdi vi chiing 1a nhiing diém gan nhat ctia B nim
trén cac tia tuong tng tit X. Gia dinh rang C;, Cs, Cs3 1a ba diém trén Cp sao cho Cs
nam gitta C; va Cs, va h(C}) va h(C3) nam trong B; lay A; = h(C;). Khi d6 Ay ndm
tren doan thing XC,, va doan thing XA, vd A; Az cit nhau. D& thdy A, ndm trong
goc A1C Az, chita bén trong B.

Cach 2
Cho O4 va Op la tam ctia A va B. Ki hiéu [n] = {1,2,...,n}.
Ta dua ra cach liet ke va ki hieu thich hop. Liet ke B cac dudng théng chita céc canh theo chiéu
kim dong ho 1a [y, ly,. . ., I,. Ki hieu H; 1a nita khong gian ctia Iy chita B (coi H; chita [;); cho B; 1a
diém chinh gita ctia phan thuoc vao l;; v cudi ciing ki hieu 5: = m. (Nhu thuong 1¢, s6 vong
tuan hoan theo modulo n, bdi vay l,,; = [;).
Bay gio, chon mot dinh A; ctia A sao cho vector m gom cac diém "hau hét ngoai H,"; noi
cach khéc, didu d6 c6 nghia la tich vo hudng < O4A;, b, > 1a nho nhat. Bit diu tit A;, dém sb
dinh ctia A cting chiéu kim dong ho 1a A, A,, ..., A,; bang phép ddi xting quay, sy chon lya A,
rang vector 0,47; diém "hau hét ngoai H,;", vi du,

<OAA1',E:>: m[iI%<OAAj,g;>. (1)
JEIN



14

Chiing ta quan tam dén syt thay doi bai toan thém nhicéu dang to hgp, véi muc dich chiing ta gi6i
thigu cac van dé sau day. Noi rang mot tap hop I C [n] 1a duge két noi néu mot doan thang ctia
tap hop duge ndi tiép trong thit tur tuan hoan (theo ngon ngit khéc, néu ching ta noi i véi i + 1
(mod n) bang mot canh, thi tap hgp con nay duge ndi tiép trong mot dang do thi thong thuong).
R6 rang, su két hop véi hai tap con két néi duge chia mot doan thang duge ndi tiép, cho nita
khong gian H dat chi sd cac dinh. Ké tiép, v6i mdi nita khong gian H néi rang, A nam trong H
thanh mot tap hop két ndi.

Dé chap nhan van dé, ching ta ki hieu
M={jen]:A;¢B},  M={jen]:A; &M}

Chung ta can ching minh rang [n] \ M dugc két ndi, trang bi v6i M dugc két ndi. Trén phuong
dién khac, khi B = U H;, ching ta ¢c6 M = NicM;, ¢ day tap M; don gian duge dua ra.
Chiing ta sé stt dung tinh chat sau day ctia tap hgp; dieu dau tién duge dinh nghia bdi M;, thuoc

cac cha y sau.

Tinh chat. Mbi tap M; dude ndi tiép.

Tinh chat. Néu M; khong rong, khi d6 i € M.
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Ching minh. Ching ta c6

JEM, & A e H &< BiAj;b_;><O<:>< OAAJ-;E»)><< OABZ-;b_;> (2)
Vé bén phai ciia bat ding thiic khong phu thuoc vao j. Do d6, néu c6 vai j nam trong M;, khi d6
(1) diang véi 1.
Ta dinh nghia tap hop sau:

M ={icn]:ieM)=1{icn]:M+A2).

Tinh chat. Tap M’ 1a tap ndi tiép.
Chitng minh. Dé chiing minh tinh chat nay, chiing ta st dung dong chitng minh & [2] dé viét

z'eM’@AieMi<:><BiAi,EZ><O<:><OBOA,E><OBBi,5:>+<AiOA,5:>.

Vé bén phai gom cac danh gid khong phu thuoc vao 7, do phép quay doi xiing; ki hiéu gia tri hang
s6 clia n6 1a v. Do d6, ¢ € M’ néu va chi néu < m, 5: >< v. Dieu kién nay dugdc trang bi dén
vi du rdng B; nam trén mot khong gian (md) bi chan 1a dén OO 4; do d6, n6 dinh nghia mot tap
két noi.
Ngay bay gig, ching ta hoan thanh ching minh. Khi M’ O M, ching ta c6

M = Ujepp) M; = M’ Uiy M;,

béi vay M c6 thé duge bao gom tit M’ bang thém tat ca tap hop M;. Tat ca nhing tap hop duge
ndi tiép, va mdi tap khong réng M; bao gdom mot doan thang ctia M’ (tén, 7). Nhu vay, phan ti

clia ching 1a duge két noi.

Bai 7 (G7, Bai do Kazakhstan dé xuat cho IMO 2017). Cho ti giac ABCD ngoai tiép
duwong tron tam I. Goi I,, I, I. va I; lan luot la tam duong tron noi tiép tam gidac DAB,
ABC, BCD va CDA. Gia sti, tiép tuyén chung ngoai ctia hai duong tron (Al 1) va (CI,I,) cét
nhau tai X, va tiép tuyén chung ngoai ctia hai duong tron (BI,I.) va (DI,I.) cit nhau tai Y.
Ching minh ZXT1Y = 90°.
Loi giai.
Ki hieu wg, wp, we va wg lan luct 1a cac duong tron Al 1y, Bl 1., Cl,1,;, DI,1, v6i cac tam Og, Oy,
O., Og4 va ban kinh 1a r,, 7y, 7., r4 tuong ng.

Yéu cau 1. Ta chitng minh I,1; L AC, I,I. L BD.

Chiing minh: Gid sit duong tron noi tiép tam giac ABC va ACD tiép xtc véi AC tai T va
AB + AZO - BC trong tam giac ABC', AT' = AD + A2C —¢D
tam giac ACD va AB — BC = AD — CD trong t& giac ABC'D. Do dé,

T’ tuong tng. Ta c6 AT = trong

_AD+AC-CD AD+AC-CD
B 2 B 2
suy ra T =T" hay I,1; 1. AC. Tuong tu, I,I. 1 BD.

AT’ = AT’
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B

Yéu cau 2. Ta ching minh O,, Oy, O, v& Oy nam trén AI, BI, CI va DI tuong tng.

Chitng minh: Do tinh dbi xiing, ta chi can chitng minh cho diém O,.

D

Wq

Chu ¥ ring, dudng tron noi tiép cac tam giac ABC va ACD c6 thé thu duge tit dusng tron
noi tiép ti gidc ABC'D qua phép vi ty tam B va D tuong tng véi hé s6 vi tir nhé hon 1. Do d6,
cac diém I, va I; thuoc dusng thang BI va DI tuong dng.

Nhu da biét, trong moi tam giac duong cao va duong kinh ctia dudng tron ngoai tiép xuat
phat tit cting mot dinh 1a déi xing v6i nhau qua dudng phan gidc ctia goc chita dinh d6. Theo
Yéu cau 1, trong tam giac Al;l, doan thing AT la duong cao. Tit chan dudng cao T nam trén
doan I,1;, tam O, clia dudng tron ngoai tiép tam gidc Al;l, nam trong goéc I,Al; suy ra rang

LIAT = Z/0,Al,. Céac diém I, va I; 1a tam dudng tron noi tiép cac tam giac ABC va ACD, do



17
do A, va Al; lan lugt 1a phan gidc ctia cac goc ZBAC va ZCAD. Thé thi
1 1 1
LO,AD = LO ALy + LI;AD = LIAT + LI;AD = §ZBAC + §ZC’AD = §ZBAD

do do, O, thudc phan giac goc LBAD, hay O, € Al.

Ta thay, diém X 1a tam vi tu ngoai ciia hai dudng tron w, v w.. Goi U 1a tam vi tu trong ciia
hai duong tron d6. Cac diém O, va O., X, U cling nam trén dudng trung tric ctia doan I,1;. T
do6 suy ra XO, || AC.

Tt tinh ddi xting clia hai dudng tron w,, w, va tit O, [,=0,1;=0,A = r4; O I,=0.1;,=0.C = r;
0,0, || AC ching ta thay

O, X 0O U OU 1, Oudy Oy  OA  O,l

ox oXx oXx r. O., 0.1, 0. 0.1

Céc diém X, U, Iy, I;, I nim tréen dudng tron Apollonius ctia cac diem O,, O, v6i ti s6 74 : 7e.
Dudng tron Apollonius ¢c6 XU la dudng kinh, va cac dudng thang IU, I X tuong ting 1a phan giac
trong va ngoai ciua goc L0,10. = ZAIC. Hon nita, trong dusng tron Apollonius c6 dusng kinh
UX la duong trung truc cta I,1;, do d6 IX va IU lan luct 1a phan gidc trong va ngoai clia goc
L1, = /BID.

Hoan toan tuong tu cho cac diem B va D ching ta cling suy ra duge 1Y la phan giac trong
cua goc LAIC va la phan giac ngoai ciia goc BID. Do d6, ZXTY = 90°
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