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QUY HOACH PONG TREN CAY
0. M& dau

Ta thdy rang khi duyét do thi dang ciy sé xudt hién ban chit cta bai toan
duwgc thiét ké béi thuit toan Quy hoach dong. Do do6, doi véi doé thi dang cay,
ta c6 mot 16p bai todn ma ta thwong goi 1a Quy hoach dong trén cay (hay
Dynamic programming on the tree).

Chuyén dé nay, toi xin phép chia sé mét s6 bai toan nhw viy trong qua
trinh day doi tuyén HSG mon Tin hoc 1ép 10 trong hé chuin bi 1én 16p 11.

Hoc sinh can c6 mot so kién thirc d€ ddm bao hoc dwoc chuyén dé nay la:
Kién thirc vé phwong phap Quy hoach dong; Po thi, Duyét d6 thi theo chiéu
siu (DFS); ki thuat bang thwa dé giai bai toan LCA.

Khi hoc sinh ndm vitng dang to4n nay, ching ta c6 thé mé rong ra thanh
cac dang bai toan trén do thi vd hwdng téng quat, & d6, moi thanh phan song
lién théng dwoc coi nhw mot dinh cta ciy, hoac thu gon chi xét cac canh cau
twong irng la cac canh cua cay trong rurng,...

Sau khi day cho hoc sinh quen cic dang bai vé cay nhw thé nay, ching ta
c6 thé dé dang hwdng dan hoc sinh tiép can cac ki thuat cao hon dé giai cac
bai todn lién quan dén cdy nhw Heavy light decomposition, Centroid
decomposition,... Thwc thé t6i cling da ap dung chuyén dé nay doéi véi hoc
sinh ctia minh, két qua thu dwoc la rat kha quan, hoc sinh ti€p cin tot mot so
ki thuat kho trén cay.

1. M6t s6 Khai niém, kién thirc co ban
1.1. Phwong phap quy hoach dong

Nhu ching ta da biét, mot bai toan c6 thé giai dwgc bang phwong phap
quy hoach déng can dam bao 2 dic diém noi bat sau:

- C6 tinh chat ctia cac bai toan con géi nhau (overlapping subproblem):
C6 thé chia nhé mot bai todn 1én thanh cac bai toan con.

- C6 cau trdc con toi wu (optimal substructure): Két hop loi gidi cua cac
bai todn con ta dwoc 101 gidi cia bai toan 1én hon.

1.2. b6 thi dang cay

Theo dinh ly Daisy Chain, goi T = (V, E) 1a d6 thi v6 hwéng c6 n dinh, khi
d6 caic ménh dé sau la twong dwong:

- T la cay

- T khong chira chu trinh don va c6 N — 1 canh.

- T lién thong va méi canh cta né déu 1a cau.

- Gitra 2 dinh bat ki cia T déu ton tai mot dwong di don.

- T khong chtta chu trinh, nhung hé ct thém vao mdot canh ta lai thu
dwoc mot chu trinh.

- T lién thong vao c6 N — 1 canh.

Tir day ta s& goi cay goc u 1a T[u].
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1.3. Duyét do6 thi
Cach cai dat don gian nhat str dung ki thuit dé quy dé duyét do thi theo
chiéu sdu, mo6 hinh cai dat duyét ciy sé nhu sau:
void dfs(int u, int parent)
{
<Khéi tao thong tin cho dinh u>
for(int v:adj[u])
if (v!=parent)

{
dfs(v,u);
<Cap nhat lai thoéng tin cho dinh u>
¥
<Cap nhat lai thoéng tin cho dinh u>

}

Cach cai dit trén dung dé quy hoach dong ngwoc tir dwédi 1én, dé téng
hop thong tin tir dinh con 1én dinh cha. Thao tac nay kha don gian nhwng thé
hién ban chat cia Quy hoach dong.

Thong qua duyét DFS, ta cé thé tinh todn, téng hop cic thong tin can
thiét tir dinh con dén dinh cha hodc ngwoc lai. Hay c6 thé chia nho bai toan,
roi két hop cac bai toan nhé lai dé tao ra bai toan lén hon. Moi dinh dwoc
duyét khong qua 1 1an, mdi canh ciing duyét khéng qua 1 1an, do dé do phirc
tap cia duyét cay T[1] ludén chila O(N).

C6 mot sb bai tip trong chuyén dé nay can tong hop thong tin xudi tir
dinh cha xuong dinh con hay goi la quy hoach xudi, phttc tap hon, co ban sé
lam theo cach 1a khi cap nhat ngwoc con 1én cha nhirng thong tin gi thi bay
gior sé loai bé nhirng thong tin dé di, sau d6 cap nhit théng tin tir cha xudng
con, ta can c vao tinh huéng cu thé dé phan tich.

1.4. To tién chung gan nhit

T6 tién chung gan nhat (LCA) la khai niém trong ly thuyét dé thi va khoa
hoc may tinh. Cho ciy T c6 gbéc va N dinh. T6 tién chung gan nhat cua dinh u
va v 1a dinh thip nhat trong cdy T ma nhan u, v lam hiu dué (con, chau). Cé
thé coi mot dinh la con ctia chinh n6 - Wikipedia
2. Mot so bai tap ap dung
2.1. Bai tip 1: Nhanh c6 tong l6'n nhit 1
2.1.1. bé bai

Cho d6 thi dang cay T[1], gom N dinh, cidc dinh dwoc danh s6 tir 1 dén N,
moi dinh i dwoc gan mot s6 nguyén duong a;, hdi dwong di c6 téng cac s6 ghi
trén cac dinh tir goc ciy xuéng mot dinh bat ki 1a bao nhiéu?

Dt liéu vao:

Dong dau tién la s6 N 1a s6 dinh cta do thi.
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Dong tiép theo ghi N sé nguyén dwong ay, a,, ...ay la cac s6 dwoc gan
v&i N dinh theo thir tu.

Dong tiép theo c6 N s6 py, p,,..py thé hién cé dwong di tir dinh i dén p;
véi0 < p; < N; p; = 0vidinh 114 goc ciy ban diu.

Két qud ra: Mot s6 duy nhit 1a dwong di c6 tong 1én nhat.

Réng buéc: N < 2.105,a; < 10°.

Vidu:
Summax1.inp Summax1.out
14 22

3211013915 345298
©1112234445577
2.1.2. Phan tich bai toan
Thudt todn 1: Duyét triu, do phitc tap O(N?)
Duyét DFS lan 1 dé tim thi tw cha con cua cac dinh

V&i moi dinh khong phai 1a géc (khac dinh 1), ta duyét ngwoc 1én cha clia
né dén khi gap dinh géc.

Liy max cuda tit ca cic dwong di nhw vay.

Thudt todn 2: Quy hoach dong, do phirc tap O(N).

Goi dp[u] 1a tong 16n nhat thu dwoc tir dinh i xudng cac dinh con cta né.
Khi do, ta co:

dplu] = alu] véiulala
{dp [u] = max(a[u] + dp[v]) véi moi v 1a con clia u

Dé dang tinh dwoc cac gia tri dp[. ] trong qua trinh duyét DFS cay T[1]

Hay quan sat hinh vé minh hoa bén duai:
"___"""\!?D[ﬂ = max(dp[2],dp[3].dp[4])+3 = 22

\\\. /
1 T e
| T~ dpllemax(1,5,3)+10=15
dp[2l=max(dp(5],3)+2=8 — | _dp[3]=dp[7]+1=19 > ™\
{ Ve ™, [ A
2 ), 1 , | 10 |
'-._ J | | AN
A /3 4~_ 7
.'J,.\__ - \ \\-.,_ --..’/ / | \\\
A N
dpl5j=max(45)+1=6___ / dpl7] = REX(8.81+8=18 > TN\ Vo
..-'/' \'\_ f/ g -\‘\,_ .f/' \\\, ( 1 \ |I.I. 5 \II| II.; 3 \I|
:' 1 : dp[61=3 3 \ ( 9 | \ ]\ \ /dp[10]=3
L / \ ! \ ! A . N / . S/
\ /5 \ 6 \, / — N 10 ——
S —\ N ST 8 daplsl=t 9 g5
S N\
/ N
N, £ N —
/ g \ |
f 3 { | 9 Il \ 8 |
[ 4 | : 5 : Y / I\\ /
"-.\ )_.-' R 1 3 \».______,x/
" 1 \\______/12 dp[13] =9 dp[14]=8
dp[11]=4 dp[12]=5
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Do phtrc tap thuat toan ding bang dd phitc tap duyét DFS cta do thi. O
day la: 0(n).

Ban hoan toan c6 thé cip nhat ngwoc lai theo cach & trén, tic 1a cdp nhat
téng tir gbc dén cac dinh bén dwdi, sau d6 tim max. D6 phirc tap van nhw
trén.

2.1.3. Chwong trinh minh hoa
#include<bits/stdc++.h>
#define N 200005
#define task "summax1l"
#define int long long
using namespace std;
int n,a[N],dp[N];
vector<int> adj[N];
void dfs(int u, int parent) {
dp[u]=al[u]; //khoi tao thong tin
for(int v:adj[u]) {
if (v!=parent) {
dfs(v,u);
dp[u]=max(dp[v]+a[u],dp[u]); //cap nhat thong tin
}
}
}

signed main() {
ios_base::sync_with_stdio(false);
cin.tie(®), cout.tie(9);
freopen(task".inp", "r", stdin);
freopen(task".out","w",stdout);
cin>>n;
for(int i=1; i<=n; i++)
cin>>al[i];
for(int i=1; i<=n; i++) {
int u;
cin>>u;
if(u==0)
continue;
adj[u].push_back(i);
adj[i].push_back(u);
}
dfs(1,0);
cout<<dp[1];
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2.1.4. Test:
https://drive.google.com/drive/folders/19Qz016gnw02jb31tItIBiKkvQO
BdLR1?usp=sharing

2.2. Bai tap 2: Tong 1&'n nhat trén ciy 2

2.2.1. bé bai
Cho d6 thi dang cay T[1] gobm N dinh, cac dinh dwoc danh sé tir 1 dén N,

moi dinh i dwoc gan mot s6 nguyén dwong a;. Ta c6 thé chon nhiéu dinh trén

ciy, tuy nhién khong dwoc chon 2 dinh ké nhau. Héi v&i cich chon nhw vy
thi tong cac s6 1é6n nhat c¢6 thé nhan dwoc la bao nhiéu?

Dt liéu vao:

Dong dau tién la s N 1a s6 dinh cta do6 thi.

Dong ti€p theo ghi N s6 nguyén dwong a,, a,, ...ay la cac sé6 dwoc gan
voi N dinh theo thi tw.

Dong tiép theo c6 N sb py, p,,..py thé hién c6 dwong di tir dinh i dén p;,
p; = 0 thi dinh i la dinh g6c, conlai 1 < p; < N.

Két qud ra: Mot s6 duy nhat 1a dwong di c6 tong 1én nhat.

Rang buéc: N < 2.105,a; < 10°.

Vidu:
Summax2.inp Summax2.out
14 41

3211013915345098
©1112234445577

2.2.2. Phan tich bai toan

Thudt todn 1: Duyét trau. 0(2"), xét tat ca cac dinh vdi hai trang thai la
chon hoac khong chon.

Thudt todn 2: Quy hoach dong. O(N)

RO rang bai todn nay kha giong bai todn cho mot day s6 a4, a,, ...ay,
chon cac s6 khong lién tiép sao cho tong 1én nhit cé thé. Khi dd, goi dp|i] 1a
tong 1én nhat khi chon i s6 dau tién. Ta ¢

dpli] = max(dp[i — 1],dpli — 2] + a[i])

Véi treong hop bai toan cho la do thi dang cay, thi ta goi dp[u] la gia tri
16n nhat khi xét ciy con T[u] cia cdy ban dau. C6 hai kha nang la chon hodc
khong chon dinh u do d6 ta can xay dwng 2 mang dpO0|[. ] va dp1[. ] nhw sau:

dpllu] = a, + z dpO[v] (chon u)
vlaconu

dpO[u] = Z max{dp1l[v],dpO[v]}  (khong chon u)
vlaconu

Két qua cia bai todn la: ans = max(dpO[root],dpl[root])

Trang 9
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Do phtrc tap thuat toan ding bang dd phitc tap duyét DFS cta do thi. O
day la: O(N).

2.2.3. Chwong trinh minh hoa
#include<bits/stdc++.h>
#define N 200005
#define task "summax2"
#define int long long
using namespace std;
int n,root,a[N],dpO[N],dpl[N];
vector<int> adj[N];
void dfs(int u, int parent) {
dp@[u]=0; //khoi tao thong tin
dplfu]=alu];
for(int v:adj[u])
if(v!=parent) {
dfs(v,u);
dp@[u]+=max(dpO[v],dpl[Vv]);
dpl[u]+=dp@[v]; //cap nhat lai thong tin
}
}

signed main() {
ios _base::sync_with stdio(false);
cin.tie(®), cout.tie(9);
freopen(task".inp", "r", stdin);
freopen(task".out","w",stdout);
cin>>n;
for(int i=1; i<=n; i++)
cin>>ali];
for(int i=1; i<=n; i++) {
int p;
cin>>p;
adj[p].push_back(i);
adj[i].push_back(p);
}
root=adj[@][@0];
dfs(root,9);
cout<<max(dp@[root],dpl[root]);
}

2.2.4. Test:

https://drive.google.com/drive/folders/19Qz016qnw02jb31tItIBiKkvQ
O BdLR1?usp=sharing
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2.3. Bai 3: Dan tranh
2.3.1. bé bai

bé trang tri cin phong ctia minh, T3N quyét dinh mua vé mot birc tranh
that dep, do 1a ngwoi yéu thién nhién nén birc trang T3N chon c6 dang do6 thi
cdy c6 N dinh, cac dinh dwoc danh s6 tir 1 dén N. D€ dan bikc tranh 1én twong,
T3N can cho keo dan vao cac dinh cta ciy, moi dinh i mat chi phi a;. D€ dam
bdo bitc tranh hinh cdy dwoc dan chac chan thi mdi canh cta ciy déu phai
dwoc dan it nhat tai mot dau. Hay gitp T3N tinh chi phi t6i thiéu dé dan dworc
birc tranh cua minh lén twong nhé!

Dt liéu vao:

Dong dau tién la s6 N 1a s6 dinh ctia do6 thi.

Dong ti€p theo ghi N s6 nguyén dwong a,, a,, ...ay la cac sé6 dwoc gan
voi N dinh theo thi tw.

Dong tiép theo c6 N sb py, p,,..py thé hién c6 dwong di tir dinh i dén p;,
p; = 0 thi dinh i la dinh g6c, conlai 1 < p; < N.

Két qud ra: Mot s6 duy nhat 1a chi phi dan tranh nhé nhit cé thé.

Rang buéc: N < 2.105,a; < 10°.

Vidu:
Summax3.inp Summax3.out
14 23

3211013915345298
011122344455 77

2.3.2. Phan tich bai toan
Thuat toan: Quy hoach dong O(N).

Bai toan nay twong tw bai todn 2.2. Ta goi dp1[u], dp0O[u] la chi phi nhé
nhit khi chon hodc khong chon dinh u. Khi do:

dpllu] = a, + z dpO[v] (chon u)
vlaconu

dpO[u] = z min{dp1[v],dpO[v]}  (khong chon u)
viaconu

Két qua la: min(dpO[root], dp1[root])

2.3.3. Chwrong trinh minh hoa
#include<bits/stdc++.h>
#define N 100005
#define task "summax3"
#define int long long
using namespace std;
int n,root,a[N],dpO[N],dpl[N];
vector<int> adj[N];
void dfs(int u, int parent) {
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dpO[u]=0; //khoi tao thong tin
dplfu]=afu];
for(int v:adj[u])
if(v!=parent) {
dfs(v,u);
dpl[u]+=min(dpO[v],dpl[v]);
dpo[u]+=dpl[v]; //cap nhat lai thong tin
}
}

signed main() {
ios_base::sync_with_stdio(false);
cin.tie(®), cout.tie(9);
freopen(task".inp", "r", stdin);
freopen(task".out","w",stdout);
cin>>n;
for(int i=1; i<=n; i++)
cin>>a[i];
for(int i=1; i<=n; i++) {
int p;
cin>>p;
adj[p].push_back(i);
adj[i].push_back(p);
}
root=adj[0][9];
dfs(root,9);
cout<<min(dp@[root],dpl[root]);

}
2.3.4. Test:

https://drive.google.com/drive /folders/19Qz016gnw02jb31tItIBiKkvQ
O _BdLR1?usp=sharing
2.4. Bai 4: Khoang cach K trén cay
2.4.1. Dé bai: Cho mot cay T[1] c6 N dinh, cac
dinh dwoc danh sé tir 1 dén N, va mot s6 K, hay
dém xem c6 bao nhiéu cdp dinh (u,v) ma co
khoang cach dung bang K. Khoang cach dwoc
tinh bang s canh. Chu y: cdp (u,v) va cdp (v, u)
la nhw nhau.

Dir liéu vao: Dong dau tién c¢6 2 s6 N va K
(1 <N <50000,1<K < 200)

Dong tiép theo c6 N sb py,p,,..py thé
hién c6 dwong di tir dinh i dén p;, p; = 0 vi
dinh 1 1a dinh gbc, conlail < p; < N.
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Két qud ra: Mot s6 duy nhit so6 cap dinh c¢6 khoang cach K.

DISTK.inp DISTK.out
52 4
01232

2.4.2. Phan tich bai toan
Thudt todn 1: Duyét trau DFS cho tirng dinh khong dit can O(N?)
Thudt todn 2: Duyét trau DFS cho tirng dinh, c6 dat can O(N.K)
Thudt todn 3: Quy hoach dong O(N.K)
Goi dp[u][i] 1a s6 dinh c6 khodng cach i dén u trong ciy T[ul],

Moi khi duyét xong dinh v 13 con cta u, thi két qua dwoc cip nhat:
k-1

ans+="> dp[u][i]* dp[v][k —i 1]

i=0
Sau dé ta cap nhat lai thong tin dinh u:

dplullil= ), dplv]li-1]

veadj[u]

2.4.3. Chwrong trinh minh hoa
#include<bits/stdc++.h>
using namespace std;
int n,k;
vector<int> adj[50005];
long long ans,dp[50005][205];
void dfs(int u,int p) {

dp[u][@]=1;
for(int v:adj[u])
if(vl=p) {
dfs(v,u);
for(int i=0; i<k; i++)
ans+=dp[u][i]*dp[Vv][k-i-1];
for(int i=0; i<k; i++)
dp[u][i+1]+=dp[Vv][i];
}
}

int main() {
freopen("DISTK.inp","r",stdin);
freopen("DISTK.out","w",stdout);
scanf("%d%d" ,&n,&k);
int p;
scanf("%d",&p);
for(int i=2; i<=n; i++) {
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scanf("%d",&p);
adj[p].push_back(i);
adj[i].push_back(p);
}
dfs(1,0);
printf("%I64d\n",ans);
return 0;

}
2.4.4. Test

https://drive.google.com/drive/folders/19Qz016gnw02jb31tItIBiKkvQ
O _BdLR1?usp=sharing
2.5. Bai 5: Pwong Kinh caa cay
2.5.1. bé bai:

Cho mét cay T c¢6 N dinh, hdy tim khodng cich xa nhit giita 2 cap dinh
bAt ki trén cay. Khoang cach (u, v) dwoc xac dinh bang s6 canh trén dwong di
(u, v).

D liéu vao:

Dong dau tién la s6 N 1a s6 dinh ctia do6 thi.

Dong ti€p theo c6 N sb py, p,,..py thé hién c6 dwong di tir dinh i dén p;,
p; = 0 thi dinh i la dinh g6c ban dau, conlai 1 < p; < N.

Két qud ra: Mot s6 duy nhat la d6 dai dwong di dai nhit.

Rang buéc: N < 2.10°,

Vidu:
Diameter.inp Diameter.out
14 6
©1112234445577
5 3
41104

2.5.2. Phén tich bai toan

Thudt todn 1: Duyét trau DFS cho tirng dinh, tinh khoang cach tir goc dén
dinh xa nhat. D6 phirc tap O(N?)

Thudt todn 2: Ta chon mot dinh bat dau bat ki u, tim dinh v xa u nhat st
dung DFS hodc BFS, roi lai tir v tim dinh w xa né nhit. Khoang cach gitra v va
w la Khoang cach xa nhat gitra 2 cap dinh cia cay.

bé lam viéc do, ta xdy dwung mang dé sau, datla dpl. ].
Do phirc tap van la O(N).
2.5.3. Chwong trinh minh hoa

#include<bits/stdc++.h>
##tdefine N 200005
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#tdefine task "diameter"
using namespace std;
int n, root,umax, dmax;
vector<int> adj[N];
void dfs(int u, int parent, int depth) {
if(dmax<depth) {
umax=u;
dmax=depth;
}
for(int v:adj[u])
if(v!=parent)
dfs(v,u,depth+l);
}
int main() {
ios base::sync_with stdio(false);
cin.tie(®), cout.tie(9);
freopen(task".inp","r",stdin);
freopen(task".out","w",stdout);
cin>>n;
for(int i=1; i<=n; i++) {
int p;
cin>>p;
if(p==0) {
root=1i;
continue;
}
adj[p].push_back(i);
adj[i].push_back(p);
}
dfs(root,0,0);
dmax=0;
dfs(umax,0,0);
cout<<dmax;

}
2.5.4. Test

https://drive.google.com/drive /folders/19Qz016gnw02jb31tItIBiKkvQ
O _BdLR1?usp=sharing

Nhan xét: Trong cic bai trén, chung ta déu st dung thao tac tong hop
thong tin tir dinh con 1én dinh cha cta cay T.

Trong 02 bai tiép theo ta sé thay d6i mé hinh duyét, ngoai viéc tong
hop thong tin tir dwéi 1én, ching ta bd sung thém thao tac cdp nhit ngwoc ti
cha vé con trén ciy ban dau.
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2.6. Bai 6: To mau cho cay
2.6.1. Dé bai

Cho d6 thi dang cdy T gobm N dinh, cac dinh dwoc dinh s6 tir 1 dén N.
DAu tién, tit ca cac dinh déu c6 mau triang. Lin dau tién, ban dwoc chon bat ki
mot dinh sau dé t6 né thanh mau den, cac lwot choi tiép theo ban phai chon
mot dinh ké véi dinh mau den va té né thanh mau den. Tro choi két thic khi
tat ca cic dinh déu dwoc t6 mau den.

Moi lwot choi, ban nhan dwoc s6 diém bang s6 dinh trang lién thong véi
dinh da chon (tinh ca dinh dwoc chon). Sau khi cong diém thi cac canh lién
thudc véi dinh mau den bi x6a khéi ciy. Hoi téng s6 diém 1én nhat ban cé thé
nhin dwoc la bao nhiéu?

Dir liéu vao:

Dong dau tién la so6 N 1a s6 dinh cta cay.

Dong ti€p theo c6 N sb py, p,,..py thé hién c6 dwong di tir dinh i dén p;,
p; = 0 thi dinh i 1a dinh g6c ban dau, conlai 1 < p; < N.

Két qud ra: Mot s6 duy nhit 1a téng s6 diém 1én nhat.

Rang budc: N < 2.10°.

Vidu:

Coloring.inp Coloring.out
14 67
©1112234445577

5 14
01122

2.6.2. Phan tich bai toan

Thudt todn 1: Duyét trau DFS cho tirng dinh, dung m6 hinh DFS nhw
trong phan li thuyét da trinh bay dé tinh tdng s6 diém. Do phirc tap O(N?).

Thudt todn 2: Cai tién thuit toan 1, chi DFS mot IAn dé tinh ciy véi goc
ban diu, sau d6 DFS thém mot I4n duy nhat dé cip nhét thong tin xudi tir cha
xuéng con. DY phirc tap O(N).

Nhéin xét: RO rang két qua ctia bai toan chi phu thudc vao viéc chon dinh
t6 mau dAu tién (tam goi 1a dinh gdc). Moi khi chon gbc khac nhau ta sé dwoc
mot két qua khac nhau. Do dé ta c6 N cach chon géc, néu x 1y theo cach nhw
& trén thi ta mat O(N?).

Tuy nhién & day, ta sé cAp nhat ngwoc lai tir dinh cha vé dinh con bang
cach xtr ly lai thong tin ma dinh con cdp nhat 1én cha trong O(1). Khi nay thi
do phirc tap thuat toan chila O(N).

Bwéc 1: Tinh thong tin véi goc bat ki nhw mo hinh DFS da néi & trén.

Bwéc 2: Cap nhét lai thong tin dinh con di tir goc da chon. D€ cip nhat thi
ta phai lam cach nao dé bé di théng tin ciia con cap nhat 1én cha lic cap nhat
nguoc va cip nhat phin con lai ca cha cho con khi cip nhat xubi.
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2.6.3. Chwong trinh minh hoa
#include <bits/stdc++.h>
#define N 200005
#define int long long
#define task "Coloring"
using namespace std;
int sz[N],n,dp[N];
vector<int> adj[N];
void dfs(int u, int p) {

sz[u]=1;

for(int v:adj[u]) {
if(v==p)

continue;

dfs(v,u);
dp[u]+=dp[v];
sz[u]+=sz[v];

}

dp[u]+=sz[u];

}

void fix(int u, int p) {

if(p) {
//cap nhat lai thong tin cua con

dp[u]=dp[u]+(dp[p]-dp[u]-sz[u])+(n-sz[u]);

¥
for(int v : adj[u])
if(v = p)
fix(v, u);
}

signed main() {
ios_base::sync_with_stdio(false);
cin.tie(®), cout.tie(9);
freopen(task".inp","r",stdin);
freopen(task".out","w",stdout);
cin>>n;
for(int i=1; i<=n; i++) {
int p;
cin>>p;
adj[p].push_back(i);
adj[i].push_back(p);
}
dfs(1,0); //tinh thong tin voi goc la 1
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fix(1,0); //tinh lai thong tin cac nut con
cout << *max_element(dp+1,dp+1+n) << endl;
return 0;

}
2.6.4. Test
https://drive.google.com/drive/folders/19Qz016gnw02jb31tItIBiKkvQ
O BdLR1?usp=sharing
2.7.Bai 7: Tong lo'n nhat trén ciy 4
2.7.1.Dé bai
Cho d6 thi dang cdy T gom N dinh, cic dinh dwoc danh s6 tir 1 dén N,
moi dinh v dwoc gdn mot s6 nguyén dwong a,. Goi dist(x, y) 1a khoang cach
gitta 2 dinh x, y, khoang cach dwoc tinh bang sé canh trén dwong di don tir
x dén y. M6i khi chon mot dinh v bat ki 1am gdc thi ta thu dwoc tdng gia tri

cla cay la ZN:dist(i,v)*ai . Hay tim gia tri 1én nhat c6 thé cta ciy ban dau.
i=1l

Dt liéu vao:

Dong dau tién la s6 N 1a s6 dinh ctia do6 thi.

Dong ti€p theo ghi N s6 nguyén dwong a,, a,, ...ay la cac sé6 dwoc gan
voi N dinh theo thi tw.

Dong tiép theo c6 N sb py, p,,..py thé hién c6 dwong di tir dinh i dén p;,
p; = 0 thi dinh i la dinh g6c ban dau, conlai 1 < p; < N.

Két qud ra: Mot s6 duy nhat la gia tri lon nhat cé thé cuia ciy.

Rang buéc: N < 2.105,1 < a; < 2.10°.

Vidu:
Summax4.inp Summax4.out
14 269

3211013915345098
©01112234445577
8 121
941710165
01211555

2.7.2. Phan tich bai toan
Thudt todn 1: Duyét trAu O(N?). Duyét tirng dinh dé tinh gia tri cla cay
v&i cach chon dinh d6 lam géc.

Thudt todn 2: Cai tién thuit toan 1 twong tu bai Coloring.

Bai toan nay chi khac chut it bai toan trén nén toi khong di phan tich
nita. Thiét nghi dwa thém vao day v&éi mong mudén giup hoc sinh c6 bai dé lam
quen dang bai nay.
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2.7.3. Chwong trinh minh hoa
#include<bits/stdc++.h>
#tdefine N 200005
#define task "summax4"

#define int long long
using namespace std;
int a[N],n,root, sum, dp[N],sz[N];
vector<int> adj[N];
void dfs(int u, int p) {
sz[u]=a[u];
dp[u]=0;
for(int v:adj[u]) {
if(v!l=p) {
dfs(v,u);
sz[u]=sz[u]+sz[Vv];
dp[u]=dp[u]+dp[v]+sz[Vv];
}

}
void fix(int u, int p) {
if(p)
dp[u]=dp[u]+(dp[p]-dp[u]-sz[u])+(sum-sz[u]);
for(int v:adj[u])
if(v!=p)
fix(v,u);
}
signed main() {
ios_base::sync_with_stdio(false);
cin.tie(®), cout.tie(9);
freopen(task".inp", "r", stdin);
freopen(task".out","w",stdout);
cin>>n;
if(n<=1) {
cout<<o;
return 0;
}
for(int i=1; i<=n; i++) {
cin>>al[i];
sum+=al[i];
}
for(int i=1; i<=n; i++) {
int p;
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cin>>p;
if(p==0) {
root=i;
continue;
}
adj[p].push_back(i);
adj[i].push_back(p);
}
dfs(root,0);
cal(root,0);
cout<<*max_element(dp,dp+1+n);

}

2.7.4. Test

https://drive.google.com/drive /folders/19Qz016gnw02jb31tItIBiKkvQ
O _BdLR1?usp=sharing
2.8. Bai 8: Khi con hoc nhay

2.8.1. bé bai

C6 mot cha khi con dang hoc nhay tir canh no sang canh kia tai cai cay
chu wa thich. Cdy c6 N dinh dwoc danh so tir 1 dén N, c¢6 N-1 canh va cha c6
thé nhay gitra cac dinh c6 khoang cach khong qua K (khoang cach dwoc tinh
12 s6 canh trén dwong di ngan nhit gitra 2 dinh).

Goi f (s, t) 1a s6 bwdc nhay it nhat @€ chti nhay tir dinh s dén dinh t.

Hay tinh gi4 tri bicu thire: D, S (S,t)

I<s<t<N
Dir liéu vao:
Dong dau tién la s N 1a s6 dinh ctia cay va so K.
Dong ti€p theo c6 N s py, p,,..py thé hién cé dwong di tir dinh i dén p;
véip; # 0,p; = 0 thi dinh i 1a dinh géc ban dau.
Két qud ra: Mot s6 duy nhat la d6 dai dwong di dai nhit.
Rang budc: N < 2.10°,1 < K < 10.

Vidu:
Jumping.inp Jumping.out
6 2 20
011224
14 5 95
©1112234445577

2.8.2. Phén tich bai toan
Thudt todn 1: Duyét trau O(N?). Duyét trau DFS cho tirng dinh 1am gdc,
tinh s6 bwéc nhay tir né dén tat ca cac dinh.
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Thudt todn 2: Quy hoach dong O(N. k?)

Trwéce hét, ta xét cin phai tinh S 1a tong cac khodng cach gitta 2 dinh
(s,t) bat ki trén cay.

Pé tinh dwoc S, ta cAn biét moi mot canh tham gia vao dwdng di ctia bao
nhiéu cdp dinh. Mdi canh dwoc néi tir cha ciia dinh u dén dinh u sé& tham gia
vao S mot lwong sz[u] x (N — sz[u]), do d6 dé dang tinh dwoc S theo cong
thirc:

S= Zsz *(N-sz[u])

(' day sz[u] 1a s6 dinh trong cay con T[u].

Tiép theo, véi mbi duong di c6 do dai L ta cAn phai thém vao s6 buwdc
nhay la || d& dam bao L : k, thay vi tinh || ta tinh “LE2 vei £k, L) 1a 56 x
canh nho nhit d€ (L+x):k ro rang x € [0..k—1]. Vi du f(10,3) =
2,f(11,3) = 1,f(12,3) = 0. Nhiém vu cua ching ta phai dém dwoc sé canh
can bo sung thém x. K&t qua cda bai toan sé la:

ZSZ 1*(N—sz[u )—I—ZX*Cnt [X]

k
Xét thoi diém cip nhat lai théng tin dinh u, sau khi da duyét xong con
ctia né la dinh v. Ta can lam cac viéc sau:

result =

- Tinh s6 lwong canh cin b6 sung khi cidp nhat v vao véi u dang co.
- Cap nhat lai cacloai do dai cia u khi chia dw cho k tir v 1én.
Do phitc tap thuat toan 1a: O(N. k?).
C6 thuét toan t6t hon véi do phirc tap O(N.k) dwoc dinh kéem trong thw
muc Code.

2.8.3. Chrong trinh minh hoa
#include <bits/stdc++.h>
#define N 200005
#define task "Jumping"
using namespace std;
vector<int> adj[N];
int cnt[N][10];
int sz[N];
long long ans;
int n,k,root;
int subtract(int a, int b) {

return ((a-b)%k+k)%k;
}
void dfs(int u,int p,int depth) {
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cnt[u][depth%k]=sz[u]=1;
for(int v:adj[u])
if(vi=p) {
dfs(v,u,depth+l);
for(int i=0; i<k; ++1i)
for(int j=0; j<k; ++3j) {
int remainder=subtract(i+j,2*depth);
int x=subtract(k,remainder);
ans+= 111*x*cnt[u][i]*cnt[Vv][]];
}
for(int i=0; i<k; ++1i)
cnt[u][i]+=cnt[Vv][i];
sz[u]+=sz[Vv];
¥
ans+=111*sz[u]*(n-sz[u]);
¥
int main() {
freopen(task".inp","r",stdin);
freopen(task".out","w",stdout);
cin>>n>>k;
int root;
for(int i=1; i<=n; i++) {
int p;
cin>>p;
if (p==0) root=i;
adj[p].push_back(i);
adj[i].push_back(p);
}
dfs(root,0,0);
cout<<(ans/k);

}
2.8.4. Test

https://drive.google.com/drive /folders/19Qz016gnw02jb31tItIBiKkvQ

O _BdLR1?usp=sharing
2.9. Bai 9: Trong tam cua cay
2.9.1. bé bai

Cho cay T c6 N dinh, cac dinh dwoc danh s6 tir 1 dén N. C6 Q truy van la
mot sé u, hay xac dinh trong tim ciy con T[u]. Trong tim cda ciy dwoc dinh
nghia la dinh ma khi x6a né khéi cay ta c6 mét rirng, trong dé khong cé cay
nao trong rirng c6 qua % so6 dinh cua ciy ban dau.

Dir liéu vao:
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Dong dau tién la s6 N 1a s6 dinh ctia ciy va s6 Q la s truy van

Dong tiép theo c6 N s py, p,,..py thé hién cé dwong di tir dinh i dén p;
v&ip; # 0,p; = 0 thi dinh i 1a dinh goc ban dau.

Dong tiép theo c6 Q s6 twong rng véi Q truy van.

Két qud ra: Q so 1a ciu tra 1o cia Q truy van. Néu truy van c6 nhiéu dap
an, hdy in dinh la trong tdm cda ciy con gan dinh goc ciy ban dau nhit.

Rang buéc:1 < N,Q < 3.10°

Vidu:
Centroid.inp Centroid.out
14 9 157456789

©1112234445577
123456789
2.9.2. Phén tich bai toan

Thuat toan tim trong tam cua cay T[u] véi do phirc tap O(size(T[u])
nhu sau:

- S dung DFS dé tinh kich thwéc cla ciy con trong ciy T[u].

- DFS mot 1an nira tim trong tAm cda ciy nhuw sau: di vao dinh c6 kich
thwéc 16n hon % kich thwéc cua ciy, dén khi nao khong tim dwoc dinh nhw
vay, thi dinh dang dlrng chinh la trong tam cua cay.

Thudt todn 1: Néu str dung cach lam nhuw trén thi téng do phirc tap thuit
toanséla O(Q.N).

Thudt todn 2:

- Dung mot lan DFS dé tinh kich thwéc ciy con cua tirng dinh.

- Xay dung Euler tour cho cay T[1].

- V&i moi cay con T[u] ta sé xtt ly truy van trong 0 (log? N) bang cach két
hop Segment tree dé tim dinh con c6 kich thwéc nhé nhat ma con 1é6n hon %
kich thwéce ciy T[u]. Pay chinh la trong tim cay.

- PO phitc tap chungla O(NlogN + Q.log? N)

Thudt todn 3: St dung ki thuat phan ra trong tdm (Centroid
Decomposition) dé tién x& ly mit O(N.logN), tra loi truy van trong
0(Q.log?N).

Thudt todn 4: Dung ki thuit Heavy light Decomposition, v&éi méi dinh
dwogc gan trong so la kich thwéc cay con véi dinh do6 1a goc. Dwa trén ciy phan
ra, tim dén dinh c6 kich thwéc nhé nhat ma con lén hon % kich thwéc caa
cay. D6 chinh 12 trong tAm cda cay. PO phitc tap O(NlogN + Q.log? N).

Thudt todn 5: Quy hoach dong trén cay.

- Dung mot 1an DFS dé tinh kich thwéc cia cac ciy T[ul].
- Vi cac dinh u 1a 14 thi dp[u] = u. D€ tim hét dp[u] véi u 1a 14 trong
khong qua O(N).
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- V&i u khong 1a 14, thi ta di tim v ma c6 kich thwéc 16n hon % kich thuéc

ctia u. Chic chin dp[u] sé nam trén dp[v], nam trong doan tir dp[v] téi u. Do
d6 qua trinh tim tat ca cac dp[u] khong phai 1a 14 cling chi mat O(N).

=> Do phirc tap la: O(N + Q).

2.9.3. Chwong trinh minh hoa

#include <bits/stdc++.h>
#define N 300005
#define task "centroid"
using namespace std;
vector<int> adj[N];
int n,q,parent[N],sz[N],dp[N];
void dfs(int x) { //tinh kich thuoc cua cay, cay con
sz[x] = 1;
for(int y:adj[x]) {
dfs(y);
sz[x] 4= sz[y]; //cap nhat kich thuoc
}
}
void fix(int x) {
for(int y:adj[x])
fix(y); //di xuong duyet tu nut la’'
for(int y:adj[x]) {
if(sz[y]*2 >= sz[x]) {
y=dp[y];
while(sz[y]*2 <= sz[x])
y=parent[y];
dp[x]=y; //tim duoc tam
return; //thi return

}
dp[x] = x;
}
int main() {
freopen(task".inp","r",stdin);
freopen(task".out","w",stdout);
scanf("%d %d",&n,&q);
for(int i=1; i<=n; i++) {
scanf("%d",&parent[i]);
adj[parent[i]].push_back(i);
}
dfs(1);
fix(1);
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for(int i=0; i<q; i++) {
int x;
scanf("%d",&x);
printf("%d ",dp[x]);

}

return 0;

}
2.9.4. Test

https://drive.google.com/drive/folders/19Qz016gnw02jb31tItIBiKkvQ
O BdLR1?usp=sharing
2.10. Bai 10: Banh Quy

2.10.1. bé bai

Mot tro choi an banh quy nhw sau: C6 7
2 nguoi choi, choi ludn phién nhau. C6 mot | &
ciy T[1] gobm N dinh, tai mdi dinh v c6 dat
s6 banh x[v], thoi gian dé an hét mét cai
banh tai day la t[v], thoi gian d€ di chuyén
tir dinh cha dén n6 hoac ngwoc lai 1a L[v],
nguwoi choi A di trwde va ¢d gang an duoc
cang nhiéu banh cang t6t va quay tré lai
gdc 1 bang duong cii nhung khong duoc
sau thoi diém Time dinh san. Nguwoi choi B
di sau va c0 gang ngan ngudi A dn dwoc nhiéu banh bang cach cit duong di
tr vi tri dinh v nguoi A dang dirng dén dinh con ctia v. Tro choi sé két thic
khi nguwoi A di xudng dinh 14 cda ciy. Lic d6 ngudi A cé thé an thém banh khi
quay tré lai géc ctia ciy theo dwong cii néu con thoi gian.

Trong trwdng hop ca A va B déu choi tdi wu, thi A ¢6 thé an dwoc nhiéu
nhat bao nhiéu cai banh?
Dir liéu vao:
Dong dau tién la s6 N va Time. Dong thir 2 chivra N s0 x4, x5, ... Xy.
Dong thir 3 chita N s6 t,, t,, ...ty
Dong thit 4 chita N — 1 s0 p,, p3, ... py €6 nghia la cé canh néi truc tiép
idénp; (1 <p; <N).
Dong thtt 5 chita N — 1 s6 L,,Ls,..Ly 12 thoi gian di duyén tir dinh
2,3..N dén dinh cha cida né va nguoc lai.
Két qud ra:
Mot s6 duy nhit la s6 nhiéu nhit ma A c6 thé an dworc.
Rang buéc: 2 < N < 1051 < Time < 10'8; 1 < ¢;,x; < 10°.
Cookies.inp |Cookies.out |Giai thichh
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5 26 11 Nguoi A sé di theo duong

15177 12224 néu bi nguoi B

13222 chat canh 2-5, hoac
1->2->5 néu bi nguoi B

1122 chat canh 2-4.

1100

2.10.2. Phan tich bai toan

- Goi dp[u] 1a gia tri t6i wu khi xét dén dinh u.

- Goi 2 gia tri t6i wu nhat tai mét dinh 1a m,, m, véi my; > m,. Khi dé
nguoi choi A chi c¢é thé chon dwoc mét 1An duy nhat chon dwoc m, 1a 1an
chon dAu tién. Con cac 1an sau déu chi chon dwoc m,.

- Thoi gian danh cho viéc dn banh khi xét dén dinh u la:

Time — 2 « Tong thoi gian di.

- bé dan dwoc nhiéu banh nhit thi cin an nhitng banh & dinh ma c6 thoi
gian an it nhat trwedrc. Nén can dn banh theo thir tw thoi gian ting dan, dén khi
hét thoi gian dn. Do dé néu khéng st dung ciu tric dir liéu thi ta sé phai
duyét cac thoi gian trong O(N) thay vi O(logN) néu dung Segment tree.
Segment tree sé lwu thong tin vé thoi gian an hét banh va s6 banh c6 thé an
t6i da tai moi dinh khi duyét DFS. Khi 14y thong tin dp[u] thi dwa vao thoi
gian danh cho viéc dn banh khi duyét dén u. Sau khi duyét xong u thi phai cip
nhat x6a di nhirng thong tin khi ctia u khi dwa vao ban dau.

- Két qua la dp[1].

- B0 phirc tap cua thuat toan la O(N.log(tax))

2.10.3. Chwong trinh minh hoa
#include<bits/stdc++.h>
#define int long long
#define N 100005
#define task "Cookies"
using namespace std;
int n, dp[N],T,L[N],x[N], t[N];
int sumTime[40*N],sz[40*N]; //segment tree
vector<int> adj[N];
void update(int id, int 1, int r, int t, int x) {
if(t<l || r<t)
return;
if(l==r) {
sumTime[id]+= 111*t*x; //thoi gian an het so banh
sz[id]+=x; //so banh co the an duoc
return;

¥
update(2*id, 1,(1+r)/2,t,x);
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update(2*id+1, (1+r)/2+1,r,t,x);
sumTime[id]=sumTime[2*id]+sumTime[2*id+1];
sz[id]=sz[2*id]+sz[2*id+1];
}
long long get(int id, int 1, int r, int t) {
if(l==r)
return min(t/1,sz[id]); //an loai banh mat 1 time
int w=sumTime[2*id]; //thoi gian an het nua trai
if(w<t)
return sz[2*id]+get(2*id+1, (1+r)/2+1,r,t-w);
return get(2*id,1, (1+r)/2,t);
}
void dfs(int u, int time) {
if(time<2*L[u])
return;
update(1,1,1e6+5,t[u],x[u]); //cap nhat cay ST
dp[u]=get(1,1,1e6+5,time-2*L[u]);
int ml1=0,m2=0;
for(int i=0; i<adj[u].size(); i++) {
int v=adj[u][i];
dfs(v,time-2*L[u]);
if(dp[v]>ml)
m2=ml,ml=dp[v];
else if(dp[v]>m2)
m2=dp[Vv];
}
update(1,1,1e6+45,t[u],-x[u]); //cap nhat lai ST
if(u==1) //A chi chon duoc ml khi di buoc dau tien
dp[u]=max(dp[u],ml);
else
dp[u]=max(dp[u],m2);//sau thi chi chon duoc m2
}
signed main() {
ios_base::sync_with_stdio(false);
cin.tie(®), cout.tie(9);
freopen(task".inp", "r", stdin);
freopen(task".out","w",stdout);
cin>>n>>T;
for(int i=1; i<=n; i++) {
cin>>x[i];
}

for(int i=1; i<=n; i++) {
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cin>>t[i];

}

for(int i=2; i<=n; i++) {
int p;
cin>>p;
adj[p].push_back(i);

}

for(int i=2; i<=n; i++) {
cin>>L[i];
}
dfs(1,T);
cout<dp[1l];
}

2.10.4. Test

https://drive.google.com/drive/folders/19Qz016qnw02jb31tItIBiKkvQ
O _BdLR1?usp=sharing
2.11. Bai 11: Hoi nghi My - Triéu lan 4

C6 thé ndi LCA ciing 1a dang bai todn quy hoach dong trén ciy dién hinh.
Dwéi day, toi xin gidi thiéu mot bai c6 ap dung LCA va DFS theo m6 hinh
duyét ciy da dwa ra ban dau. Téi khéng trinh bay lai thudt todn tim LCA(u,v)
bang bdng thwa (Sparse Table) vi né cting khd don gidn va cé nhiéu ngudn tai
liéu da noi.
2.11.1. bé bai

Nhim chuin bi cho hoi nghi thwong dinh My - Triéu lan th& 4 thanh
cong tét dep, mang lai hiéu qua thwc chit, mang lai hoa binh, thinh vwgng
trén ban dao Triéu Tién va khu vuc. Viét Nam da nhan dang cai sw kién nay.
Viét Nam cé N khach san hang sang, c6 N-1 con dwong hai chiéu néi gitta N
khach san nay, nham tao cho hai bén tham gia dam phan vui vé nhit thi nwéc
cht nha phai bé tri sao cho khodng cach tir chd dn nghi dén noi dam phén clia
2 bén c6 dd dai nhw nhau (d6 dai tinh bang s6 canh). Do My va Triéu Tién con
chwa tin twéng 14n nhau nén da bi mat giri cAc phwong 4n chd dn nghi ma
minh chon cho Viét Nam. Nuéc chd nha can phai tinh to4n san phwong an bé
tri noi dam phan théa man yéu tirng cau trén cia My va Triéu Tién. Moi
khach san hang sang déu dap ng dwoc tit ca cdc nhu ciu vé dn nghi va ciing
c6 thé 1a noi dam phan.

Coi ban d6 thé hién vi tri cia N khach san la cay T[1].

Dir liéu vao:

Dong dau tiénlasé N,Q (1 < N,Q < 10°).

Dong tiép theo chita N — 1 s6 p,, p3, ... py €6 nghia c6 canh noi truec tiép
idénp; (1 <p; <N).
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M dong tiép theo thé hién théng tin vé khach san ma My, Triéu Tién lya
chon lam noi an nghi, dong thiv i c6 2 s6 u;, v; (1 < u;, v; < N).

Két qud ra:

GOom M dong, moi dong 1a s6 khach san c¢6 thé chon dé dam bao yéu cau.
Summit.inp Summit.out
14 3 12
1112234445577

11 12 5

11 3

2 4

4 1 1

112

2 3

52 0

1122 2

13

14

2.11.2. Phan tich bai toan

Thudt todn 1: Duyét trdu DFS dé xt& ly lan lwot tirng truy van, tim cac
diém ma cach déu (u,v). b6 phtrc tap O(N. Q).

Thudt todn 2:

Goi dist(u, v) la khoang cach gitra u,v.

LCA(u,v) la to tién chung gan nhat cia u,v

Sz[u] 1a kich thwéc cua cay T[u].

Depth[u] 1a do sau cua dinh u.

Huwéng thir 1: Duyét trau c6 dung LCA, modi truy van ta duyét tit ca dinh
trén cay, néu c6 cung khoang cach t&i u, v thi ting ans 1én 1.

Do phirc tap truy vin sé la: 0(Q.N.logN).

Huwéng thir 2: X 1i khéo 1éo, chia cac treong hop d€ d€m nhanh so6 lwgng
dinh trong O (logN). D0 phirc tap truy van con 0(Q. logN).

- Néu (u = v) thi két qua tra vé N.

- Néu dist(u, v) 1é thi két qua tra vé 0.
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- Néu LCA(u, v) cach déu u, v khi do tat
ca cac dinh cach déu u, v sé nam ngoai T [uu],
T[vv], véi uu, vv la con trwc ti€p cda
LCA(u,v). Két qua trd vé: N — sz[uu] —
sz[vv]

- Con lai két qua la: sz[mid] —
size[vv]
Xem hinh bén canh:

2.11.3. Chwong trinh minh hoa
#include<bits/stdc++.h>
#define N 100005
#define task "Summit"
using namespace std;
int n,m,parent[17][N], depth[N],

sz[N];

vector <int> adj[N];

void dfs(int u, int p) {
parent[@][u]=p;
sz[u]=1;
depth[u]=depth[p]+1;
for(int i=1; i<=16; i++)

parent[i][u]=parent[i-
1][parent[i-1][u]];
for(int v:adj[u]) {
if(v!l=p) {
dfs(v,u);
sz[u]=sz[u]+sz[Vv];

}

¥
int LCA(int u, int v) {
if(depth[u]<depth[Vv])
swap(u,Vv);
for(int i=16; i»=0; i--) {
if(depth[u]-depth[v]>=(1<<i))
u=parent[i][u];
}
if(u==v)
return u;
for(int i=16; i»>=0; i--)
if(parent[i][u]!=parent[i][Vv]) {
u=parent[i][u];
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v=parent[i][v];
}
return parent[0][u];
}
int p_th(int u, int d) {
for(int i=16; i>=0; i--)
if(depth[u]-d>=(1<<i))
u=parent[i][u];
return u;
}
int main() {
ios_base::sync_with_stdio(false);
cin.tie(®), cout.tie(9);
freopen(task".inp","r",stdin);
freopen(task".out","w",stdout);
cin>>n;
for(int i=1; i<n; i++){
int u,v;
cin>>u>>v;
adj[u].push_back(v);
adj[v].push_back(u);
¥
dfs(1,0);
cin>>m;
while(m--) {
int u, v, ans;
cin>>u>>v;
if(depth[u]<depth[v])
swap(u,Vv);
if(u==v)
cout<<n<<"\n";
else {
int lca=LCA(u,v);
int dist=depth[u]+depth[v]-2*depth[lca];
if(dist%2)
cout<<"o\n";
else {
int dep_mid=max(depth[u],depth[v])-dist/2;
if(dep_mid==depth[lca]) {
ans=N-sz[p_th(u,dep_mid+1)]-sz[p_th(v,dep_mid+1)];
cout<<ans<<"\n";
} else {
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ans=sz[p_th(u,dep_mid)]-sz[p_th(u,dep mid+1)];
cout<<ans<<"\n";

2.11.4. Test

https://drive.google.com/drive/folders/19Qz016gnw02jb31tItIBiKkvQ
O BdLR1?usp=sharing
2.12. Bai 12: Tong trén cay 5.
2.12.1. bé bai
Cho mot ciy cé trong sé T[1] gobm N dinh dwoc danh so tir 1 dén N. Goi
d[u, v] 12 tong trong s6 trén dwong di ngan nhit tir u dén v. Goi S[v] 1a tap
hop cac dinh u théa méan: d[1,u] = d[1,v] + d[v,u]. Ham s6 f[u,v] dwoc
dinh nghia nhw sau: flu,v]= > (d[u,x])2 - (d[u,x])z. Hay tra loi Q truy
xeS[v] xeS[v]
van vé tinh f (u, v) dwoc dwa ra.

Dir liéu vao:
Dong dau tién la so N.
N-1 dong tiép theo thé hién canh ndi cla ciy béi bo 3 s6 u;, v;, w; ¢
nghia la canh ndi u; 2v; c6 trong sé la w;.
Dong ti€p theo la s6 Q, s6 truy van.
Q dong tiép theo thé hién cac truy van bdi bd 2 s6 u, v c6 nghia la in ra
két qua cua f (u, v). Két qua can tinh chia 14y dw cho 10° + 7.
Két qud ra: Mot dong gom Q so la két qua ctia Q truy van trén.
Rang buéc: 2 < N,Q <10°%1 <w; < 10°.

Vidu:

Summax5.inp Summax5.out
5 10

121 1000000005
4 31 1000000002
351 23

131 1000000002
5

11

15

2 4

21

35

2.12.2. Phan tich bai toan
Nhan xét: S[v] chinh la tap cac dinh con cta v.
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Thudt todn 1: D€ tinh f(u, v) trwdc hét ta ddnh diu cac diém thudc S[v].
Duyét DFS bat d4u tir u dé tinh cac khoang cach tir u dén tat ca cac dinh trén
ciy T[1]. Tinh tong cic binh phwong khoang cach sau dé in ra két qua.

Theo cach tinh trén thi moi truy van ta sé gidi quyét trong O(N). Do d6
dd phirc tap cda toan baila 0(Q.N.logN) chi qua dwoc 50% so test.

Thudt todn 2: Cai tién thuit toan 1, do khi tinh khodng cich tir mot dinh
dén cac dinh con lai trén cay ta khéng ké thira dwoc, nén do phirc tap kha 16n.
Vay c6 thé tinh trwdc cac thong tin can thiét, sau dé truy van chi trong 0(1)
dwoc khong?

Ta c6 thé lam dwgc trong O(1) nhu sau:

- Lwru thong tin tong khodng cach tir u dén cac con ctia T[u] trong F1[u],
tong khoang cach tir dinh u dén dinh bén ngoai u l1a F2[u].

- D€ c6 thé tinh ké thira thong tin ta can s dung cau tric dé lwu 3 théng
tin vé: kich thwdc (x0), tong khodng cach (x1), tong binh phwong khodng
cach (x2).

Trwéc hét ta tinh F1[.]: Xét canh tir u =2 v thi:

Flvl= ). (d(v',v))z, goi d(u, v) = w. Thi thong tin ctia T[v] cip nhat 1én

v'eS[v]
u dwoc tinh nhw sau:

Fl[u]=Fl[u]+ )| (d(v',v)+w)2

v'eS[v]
=Fl[u]+ Y| (d(v',v))2 +2*w* > d(v',v)+S[v]*w?
v'eS[v] v'eS[v]
S dung mot 1an DFS nira dé tinh F2[v] tir F2[u] twong tw bai Coloring
va Summax4.

Chua y w c6 thé 1a khoang cach gitra 2 dinh (u, v) 1a dist(u, v) trén cay, dé
c6 Khoang cach ta cin dung LCA. Khi tinh f(u, v) can xét trueong hop v =
LCA(u,v).

Do phirc tap thuat toan O(NlogN) do tim LCA va tim khoang cach giita 2
dinh, con lai tinh F1[.] va F2[.] chi mat O(N).

Xem chwong trinh minh hoa bén duwéi, c6 kém theo comment dé gii
thich r6é thém thuat toan 2.

2.12.3. Chwong trinh minh hoa

#include<bits/stdc++.h>

#define N 100005

#define MOD 1000000007

#define task "summax5"

using namespace std;

struct Node {
int x2; //tong binh phuong khoang cach trong cay
int x1; //tong cac khoang cach trong cay
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int x@; //kich thuoc cua cay

F1[N],F2[N];

//F1[u] k/c den cac nut trong cay T[u]
//F2[u] tinh k/c nut u den cac nut ngoai T[u]
Node operator +(Node a, Node b) {

}

return Node{(a.x2+b.x2)%MOD, (a.x1+b.x1)%MOD, (a.x0+b.x0)%MOD};

Node operator -(Node a,Node b) {

}

return Node{(a.x2-b.x2)%MOD, (a.x1-b.x1)%MOD, (a.x0-b.x0)%MOD};

Node operator *(Node a,int d) {

}

Node c;
c.x2=(a.x2+211*d*a.x1+111*d*d%MOD*a.x0)%MOD;
c.xl=(a.x1+111*d*a.x0)%MOD;

C.X0=a.x0;

return c;

int d[N],parent[17][N],depth[N],Q,n;

//d[.] khoang cach den nut goc.
//parent[.], depth[.] de tinh LCA
vector<pair<int,int>> adj[N];//danh sach ke
int LCA(int x,int y) {

}

if(depth[x]<depth[y])
swap(x,y);
for(int i=16; i>=0; i--)
if(depth[x]-depth[y]>=(1<<1i))
x=parent[i][x];
if(x==y)
return X;
for(int i=16; i>=0; i--)
if(parent[i][x]!=parent[i][y])
x=parent[i][x],y=parent[i][y];
return parent[@][x];

void dfs(int u,int p) {

parent[@][u]=p;
for(int i=1; i<=16; i++)
parent[i][u]=parent[i-1][parent[i-1][u]];
Fl[u]= {0,0,1};
for(auto e:adjfu])
if(e.first!=p) {
int v=e.first;
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depth[v]=depth[u]+1;
d[v]=(d[u]+e.second)%MOD;
dfs(v,u);
F1[u]=F1[u]+F1[v]*e.second;

}
void fix(int u,int p) {//tinh F2[u]
for(auto e:adjf[u])
if(e.first!=p) {
int v=e.first;
F2[v]=(F2[u]+F1[u]-F1[v]*e.second)*e.second;
fix(v,u);
}
}

int main() {
freopen(task".inp","r",stdin);
freopen(task".out","w",stdout);
scanf("%d",&n);
for(int i=1; i<n; i++) {
int x,y,k;
scanf ("%d%d%d" ,&x, &y, &K) ;
adj[x].push_back({y,k});
adj[y].push_back({x,k});
}
dfs(1,0);
fix(1,0);
scanf("%d",&Q);
while(Q--) {
int u,v;
scanf("%d%d" ,&u,&Vv);
int lca=LCA(su,v),dist=(111*d[u]+d[v]-2*d[1lca])%MOD,ans;

if(lca==v)
ans=(111*F1[u].x2+(F2[u]-F2[v]*dist).x2-(F2[v]*dist).x2)%MOD;
else

ans=(211*(F1[v]*dist).x2-111*(F2[u]+F1[u]).x2)%MOD;
printf("%d\n", (ans+MOD)%MOD) ;

}
2.12.4. Test

https://drive.google.com/drive /folders/19Qz016gnw02jb31tItIBiKkvQ
O BdLR1?usp=sharing
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2.13. Bai 13: Khoang cach

2.13.1. bé bai

Cho mot ciy ban diu c6 N dinh, N-1 canh, ngwoi ta x6a hét cac canh cia
cay, sau do6 thwc hién Q truy vadn, méi truy van thudc 1 trong 2 loai:

- Loai 1: Cho béi bo 4 sé (1, u, v, w) nghia la truy van thuc hién thém
canh c6 trong s6 w gitra 2 dinh u, v. Vidu: (1, 1, 3, 4) thém canh cé trong s6 4
tir 1 dén 3. Canh dwgc thém vao ddm bao khéng xuit hién chu trinh.

- Loai 2: cho b&i bo 3 s (2,u,v) Hbi d6 dai dwong di ngdn nhat tir dinh u
dén dinh v hién tai bang bao nhiéu. Néu khong c6 dwong di thi in ra -1.

CAac truy van la xen ké nhau. Hay tra 1&i cho cac truy van loai 2.

Dir liéu vao: Dong dau tién l1a s6 N va Q.

Q dong sau thé hién cac truy van c6 thé loai 1 hodc loai 2.
Két qud ra: In ra ciu tra 101 cho cac truy van loai 2 theo thir tw cia né.
Rang buéc:1 < N,Q < 2.10°% 1 <w < 10%.

DISTANCE.inp DISTANCE.out
58 -1

1125 8

135 7

224 12

1541

234

1156

214

224

2.13.2. Phan tich bai toan

- Thwe chat day la bai toan tinh khoadng cach giita 2 dinh trén ciy. Tuy
nhién cy la ciy dong. Cac canh dwoc thém vao dan dan.

Thudt todn 1: Néu ta xir Iy nhw tredng hop cy tinh, thi mdi truy van loai
2 ta lai dung mot lan duyét DFS tir u hodc v dé tinh khoadng cach gitra u, v thi
do phtrc tap thuat toan sé 1a O(N. Q).

Thudt todn 2: Nhan thay la thao tdc thém canh la hgp nhat 2 ciy trong
rirng. Do d6, d€ t6i wu ta khong duyét lai toan bd ciy sau hgp nhat ma ta cay
ma chi DFS cip nhét thong tin cia ciy nhé hon tir ciy 1on hon. Két hop ca
LCA va hop cay ta mat thoi gian O((N + Q).log? N). Bai nay tdi st dung thém
ciu trac DSU.

2.13.3. Chwong trinh minh hoa
#include<bits/stdc++.h>

using namespace std ;
typedef pair<int,int> pii;

Trang 36



GV: Nguyén Nhw Thang - THPT Chuyén Lao Cai

#define fi first
#define se second
const int N = 2e5+9;
vector<pii> adj[N];
int parent[N][20],par[N],rnk[N],depth[N],dist[N];
void dfs@(int u,int v) {
parent[u][@]=v;
depth[u]=depth[v]+1;
for(int i=1; i<20; i++)
parent[u][i]=parent[parent[u][i-1]][i-1];
for(auto it:adj[u])
if(it.fil=v)
dist[it.fi]=dist[u]+it.se,dfsO(it.fi,u);
}
int Find(int u) {
return u==par[u]?u:par[u]=Find(par[u]);
}
bool Union(int u,int v,int cst) {
int pu=Find(u),pv=Find(v);
if(pu==pv)
return 0;
if(rnk[pu]>=rnk[pv])
rnk[pu]+=rnk[pv],par[pv]=pu,swap(u,v);
else
rnk[pv]+=rnk[pu],par[pu]=pv;
dist[u]=dist[v]+cst;
dfse(u,v);
adj[u].emplace_back(v,cst);
adj[v].emplace_back(u,cst);
return 1;
}
int blift(int u,int cst) {
for(int i=0; i<20; i++)
if((1<<i)&cst)
u=parent[u][i];
return u ;
}
int Findlca(int u,int v) {
if(depth[u]>depth[v])
swap(u,Vv);
if(blift(v,depth[v]-depth[u])==u)
return u ;
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int 1 = -1, r = depth[u] ;
while(1+1<r) {
int mid = 1+r>>1 ;
if(blift(u,depth[u]-mid)!=blift(v,depth[v]-mid))
r=mid;
else
1=mid ;
}
return blift(u,depth[u]+1-r);
}
int query(int u,int v) {
if(Find(u)!=Find(v))
return -1 ;
int 1lca = Findlca(u,vVv);
return dist[u]+dist[v]-2*dist[1lca];
}
int main() {
freopen(".inp","r",stdin);
int n,q ;
scanf("%d%d",&n,&q);
for(int i=1; i<=n; i++)
par[i]=i,rnk[1]=1;
int ans = 0 ;
while(g--) {
int t,u,v,w ;
scanf ("%d%d%d" ,&t,&u,&v);
if(t==1) {
scanf("%d",8&w);
Union(u,v,w);
} else {
ans = query(u,v);
printf("%d\n",ans);

}
2.13.4. Test

https://drive.google.com/drive /folders/19Qz016gnw02jb31tItIBiKkvQ
O BdLR1?usp=sharing

3. Mot so bai tw luyén
To6i dwa ra ddy mot so bai tap vé ciy dé hoc sinh tw luyén thém.
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3.1. Bai 1: Tong trén cay

Cho mot ciy c6 N dinh, cic dinh dwoc danh s6 tir 1 dén N, cac canh déu
c6 trong s6, hay tinh tdng khodng cach tir mét dinh u dén cdc dinh con lai
trén cay.

Dir liéu vao:

Dong dau tién chiva s6 N 1a s6 dinh cta ciy.

N — 1 dong tiép theo, moi dong chita 3 sd nguyén (u,v,w) biéu dién
canh ndi gitau vav cotrongs6 law (1<u,v<N<10%u#v1<w<
109).

Két qud ra:

Mot dong gbm N s6, s6 thir u la tong khoang cach tir dinh u dén cac dinh
con lai trén do thi.

Vidu:

SUMTREE . inpp SUMTREE . out
4 38

147 24

235 34

4 2 6 24

4 15

122 19

314 15

4 35 25

3.2.Bai 2: Thém canh

Cho mot cay T[1] gobm N dinh, mdi canh c¢6 trong s6 w. C6 Q truy van
dwoc cho béi bd 3 s6 (u, v, x) ddm bao rang ciy con T[u] va T[v] 1a khong cd
dinh chung, ban dwoc phép thém mét canh dé n6i mot dinh trong T[u] véi
mot dinh trong T[v], hday tim d6 dai dwong di dai
nhit cé thé tir 1 dinh trong T[u] dén mot dinh
trong T[v] khi do.

Dir liéu vao:

Dong dau tién gdom 2s6 N, Q (1 < N, Q < 10%). 3

N-1 dong tiép theo la canh cta ciy (u,v,w) o
véil<uv<nl<w<10°

Q dong tiép theo mo ta truy van (u, v, x) véi
1<uv<nl<x<10°.

Két qud ra: Q sb la dap s6 1an lwot cta Q truy

van.
Vidu:
TREEDGE. inp TREEDGE . out
7 3 10
121 7
13 -2 5
243

Trang 39



GV: Nguyén Nhw Thang - THPT Chuyén Lao Cai

N = O WU

UTUul N wWu N
AW o NNW

()}

%]
Véi truy van 1, ta sé ndi thém canh 126 cé trong so 1. Pwong di c6 do
dai l6n nhat 1a dwong di: 2>4->6->3 véi do dai 10.
3.3. Bai 3: LCA.
Cho mot ciy gbc 1, c6 N dinh, cac dinh dwoc danh so tir 1 dén N. Hay tra
loi Q truy van tim LCA cta 2 dinhuvav.

Dir liéu vao: Dong dau tién l1a s6 N.

N-1 dong tiép theo thé hién canh cta ciy.

Dong tiép theo la sé Q.

Q dong tiép theo la cap (u,v) can tim LCA cta chung.

Két qud ra: V&i moi truy van, in ra LCA ctia 2 dinh da cho.
Rang buéc: N,Q < 100000.

Vidu:
LCA.inp LCA.out
7

NURNWONRWAOOO
(92 I (S TR SN I S
PoORRPYNW

AN W w

N

4
3.4. Bai 4: LCA2.

Cho mét cay gbc 1, c6 N dinh, cac dinh dwoc danh s6 tir 1 dén N. Hay tra
loi Q truy van tim LCA cua 2 dinh u va v véi trweong hop chon dinh rlam géc.

Dit liéu vao:

Dong dau tién la so N.

N-1 dong tiép theo thé hién cic canh cta cay.

Dong tiép theo so Q.

Q dong tiép theo gobm bd 3 s6 (u,v,r) can tim LCA cua 2 dinh u, v trong
trwong hop chon r lam goc.

Két qud ra: Q dong twong tirng dap an cho Q ciu hdéi.
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Rang buéc: 1 < N, Q < 100000.

Vidu:

LCA2.inp LCA2.out
5 1
53 5
54 2
25 5
31 3
5

311

523

221

155

335

3.5. Bai 5: SUM3.

Cho mot ciy N dinh. C6 Q truy van ting gia tri clia tit ca cac dinh nam
trén dwong di tir dinh u dén dinh v mét lwgng la x. In ra gia tri cia cac dinh
cla ciy sau khi xtr Iy hét truy van.

Dir liéu vao:

Dong dau tiénlaso N

Dong tiép theo c6 N s6 la gia tri ban dau cda cac dinh.

N-1 dong tiép theo thé hién cic canh cta cay.

Dong tiép theo so Q.

Q dong tiép theo la b (u,v,x) tang tat ca cac dinh tir u dén v lwong x.

Két qud ra: Mot dong la gia tri cia N dinh sau Q truy van.

Rang budc: 1 < N,Q < 100000.

Vidu:

SUM3.inp SUM3.out
5 5512 7 7
© 0000

12

23

34

4 5

2

135

357

3.6. Mot s6 bai khac
https://vn.spoj.com/problems/V80RG - Té chirc déi lap
https://vn.spoj.com/problems/CTREE -T6 mau nhé nhait
https://vn.spoj.com/problems/STONE1 - Rai soi
https://vn.spoj.com/problems/NTTREE - Tong trong s trén ciy
https://vn.spoj.com/problems/MTREE - Another Tree Problem
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http://vn.spoj.com/problems/NTPFECT - Pai dién hoan hao
https://vn.spoj.com/problems/HBTLCA - Dynamic LCA
https://vn.spoj.com/problems/LUBENICA
http://vn.spoj.com/problems/ITREE - Nhan cua cay
http://vn.spoj.com/problems/VOTREE - Cay
http://vn.spoj.com/problems/UPGRANET - VOI11 Ning cip mang
4. Két luan
Do thi dang cy cling 1a d6 thi dic biét, ta c6 thé dé dang bién ciy thanh
mang bang Euler tour. Do d6, ta cling c6 1&p bai todn trén ciy ap dung v&i cac
ciu trac dit liéu, thuit toan nhw déi véi mang.

Do ciy tién t6 Trie cling cé thé coi nhw do6 thi dang ciy, nén ta ciing c6
dang toan quy hoach dong trén cay Trie.

Sau khi day chuyén dé nay, t6i chuyén sang day hoc sinh cac dang bai
khic lién quan dén do6 thi dang ciy kha thuin lgi nhw: Heavy light
decomposition, Centroid decomposition, Euler tour, Mo’s algorithm trén
cay,...

Do kinh nghiém chwa nhiéu, nén chic chian c6 thiéu soét. Téi rat mong
déng nghiép va ban beé chia sé, gép y thém cho toi.

T6i xin chan thanh cam on!

5. Nguon tai liéu tham khao
http://vnoi.info
https://vn.spoj.com

https://www.geeksforgeeks.org

https://codeforces.com

https://www.codechef.com
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