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A.MO DAU
1. LI DO CHQN DE TAI

Céc bai toan vé da thirc thuong xuyén xuat hién trong cac ky thi hoc sinh gioi
toan va luén duoc danh gia 1a cac bai toan kho. Cac bai toan nay thudng yéu cau
nghién ctu tinh chit vé cac hé sd cia mot da thuc, tinh chit vé nghiém cua nd va
dugc héi theo nhiéu hinh thirc khac nhau.

Bai toan vé tim da thirc c6 vai tro rat quan trong va xuat hién nhiéu trong ki
thi hoc sinh gidi. Khi tiép can v&i mot bai toan tim da thirc, hoc sinh thuong ling
ting khong biét chon phuong hudng nhu thé nao dé tiép can. Hon nita, n6i chung
cac bai toan vé da thirc thuong doi hoi van dung cac ki ning bién d6i dai sb twong
d6i phirc tap.

Chinh vi vy tac gia quyét dinh chon dé tai “Bdi todn tim da thirc” , hy vong
hé théng hoa lai cac phuong phap giai tim da thirc. Bén canh nhitng phuong phap
quen thudc nhu: Phuong phap can bing bac, dong nhat hé sb; Phuong phap dua
vao nghiém riéng; Phuong phap xét tinh chia hét; Phuong phap sinh diy nghiém; ...
chuyén dé nay con dé cap « Phurong phdp sir dung nguyén Iy ciee han 1a hudéng mo

dé tiép can bai toan tim da thirc.

2. MUC PICH VA NHIEM VU NGHIEN CUU
- Nghién ctru cac cac phuong phap hay sir dung dé tim da thirc cu thé nhu: .

Phuong phéap st dung nguyén ly cuc han; Phuong phap tim nghiém riéng; Phuong
phap dua vao tinh chia hét cia da thirc; Phuong phép str dung diy nghiém; Phuong

phap so sédnh bac va can bang hé so.

- Van dung céc ki nang bién ddi, danh gia va thuc hién cac phép toan trén da thic

nham phat huy kha ning tu duy toan hoc cho hoc sinh.



B. NOI DUNG

CHUONG 1. LY THUYET CO BAN VE PA THUC

1.1 Dinh nghia
Pinh nghia 1: Ta goi da thirc bac n bién X 1a mot biéu thirc c6 dang

P(x) = a,x" +a,_x"

+..+aX+ay; (a,=0)
Trong d6 &, (i = 0,n) 1a céc sb thuc ( hodc phire) duge goi 1a hé s6
Néu a; =0,i=1,2,3,...,n va a, thi bac ctia da thirc 1a khong
Néu a =0,i=0,1,2,3,...,n thi ta coi bic clia da thirc 1a —oo va goi 1 da thirc khong
( no1 chung thi nguoi ta khong dinh nghia bac cua da thuc khong )
Dinh nghia 2: Cho da thirc
P(X)=a,x" +a, X" +..+ax+a, (a,=0)
a € C dugc goi 1a mot nghiém cua da thirc P(x) néu P(a) =0.
Néu tdn tai k e N,k >1 sao cho P(X)}(x — ) nhung P(x) khong chia hét cho

k+1

(X—a)" " thi a dugc goi la nghiém boi k cua da thuc P, (x).

1.2 Céac phép toan trén da thirc
Cho hai da thitc  f(x)=a,x" +a, X" +...+aX+a,

g(x)=b,x" +b,,x"" +...+bx+h

Ta dinh nghia cac phép toan s hoc:

f(x)+9(x)=(a, +b,)x" +(a,, +b, )X +...+(a +b)x+a, +b,

£ (X)=0(X) = (@ ~B)X" + (@, —b, )X +...+ (3 ~B)x+a, b,
f(X).9(X)=C,pX*" +C X" +.. .+ CX+C,

trong d6 ¢, =ab, +ab ; +ab,



1.3 Mot s6 két qua quan trong
a) Moi da thirc bac n déu ¢ khong qua n nghiém thuc

b) Pa thtrc ¢6 vo sb nghiém 1a da thirc hang khong

c) Da thiic P(x) dugc goi la chia hét cho da thirc Q(x) (hay ¢ thé viét
P(x):Q(x) ) khi va chi khi ton tai da thitc R(x) a0 cho P(x)=Q(x).R(x)

d) Néu P(x)=P(x+a),a=0 thi P(x)=C.

e) Dinh li Viéte

Gia su phuong trinh a x" +a, X" +...+ax+3,=0 a, =0 (1) c6nnghiém

_a',l
X + X, +on+ X, =—
an
a,_,
X . n e s | XX XX e XX XX et Xy X e XX =
X, %, % (k& ca nghiém boi) thiy ** 7 n T XX 2Xn ke =

|
X X,.. X = (=1) a—o.

n




CHUONG 2. CAC PHUONG PHAP GIAI TOAN
2.1. Phwong phap st dung nguyén ly cwe han.

MGt tdp hop hitu han cdc s6 thwe luén cé phan tir I6n nhat va phan tir nhé
nhat. Mot tdp con bat ki ciia N ludn ¢é phan tir nhé nhat.

@ Bai toan 2.1.1.

Tim tat cd cac da thic P(x) thoa mdn phuong trinh P(x)P(x*)=P(x* +2x),vxeR
Loi gidi:

* Truong hop 1. Xét degP(x)=0 tirc P(x)=C thay vao (1) ta dugc C=0 hodc C=1

, hay P(x)=0,P(x)=1 14 hai da thirc can tim.

* Truong hop 2. Xét degP(x)>0

Gid sir x, =0 la nghiém ctia P(x) suy ra P(x)=x“Q(x),Q(0)=0,k eN" suy ra

x*Q(x)Q(x?)=(x* +2) Q(x*+2x) thay x=0 suy ra Q(0)=0 vo ly.

Nén x, =0 1a nghiém (thuc hodc phuc) cuia P(x).

Gia sir |x| c6 gid tri 16n nhat , dit x, =t?

tr phuong trinh suy ra t°+2t*,t% + 2t

cling 1a nghi€ém, suy ra

[t?] 2[t° +2t°|,|t?| > |t°+ 2t suy ra
12]t" +2);[t| = [t +2

Tu 12‘t4+2‘2|t|4—2 suy ra |t|s(‘/§<\/§

Vay ta c6 ‘tz + 2‘ <2

Dit z=t* ta dugc [z+2 <2 VA |22 +2|<1 suy ra z ndm trong dudng tron tim

(-2 ;0) ban kinh bang R =+/2 va z> ndm trong duong tron tim (-2 ;0) ban kinh
R'=1.Goi ¢ €[0;27] 1a mdt acgumen cua z, do z nam trong dudng tron tam (-2;0)

ban kinh R=+2. suyra g« (37”57”} suy ra 2¢p e {3?”5?”} 1a acgumen ctia 72 diéu



nay dan dén z? khong nam trong dudng tron tam (-2;0) ban kinh R'=1 diéu nay vo
ly.
Vay P(x)=0,P(x)=1 14 hai da thirc can tim.

@ Bai toan 2.1.2.

Tim tat ca cac da thirc P(x) voihé s6 thye thoa min phuong trinh

P(2x)P(3x4): P(2x5 +8x),VXER :

Loi gidi:

* Truong hop 1. Xét degP(x)=0 tirc P(x)=C thay vao (1) ta dugc C=0 hodc C=1
, hay P(x)=0,P(x)=1 14 hai da thirc can tim.
* Truong hop 2. Xét degP(x)>0
Gid str x, =0 la nghiém ctia P(x) suy ra P(x)=x‘Q(x),Q(0)=0,keN" suy ra
(6x*)" Q(2x)Q(3x*) = (2x* +8) Q(2x° +8x) thay x=0 suy ra Q(0)=0 vo ly.
Nén x, =0 1a nghiém (thuc hodc phtrc) cuia P(x).
Gia sir x, =2t 12 nghi¢m cta P(x) M |x| co gid tri 16n nhat suy ra |x|>3= ] zg Vi

X, Ko X, = % =3". Do 2t 1a nghiém nén 2t°+8t cling la nghi¢m nén

‘2t5+8t‘£|2t|:>‘2t4+8‘£2:222‘t4‘—82% vo ly, suy ra P(x) khong c6 nghiém phirc
nao suy ra P(x)=C =0 mau thuan.
Véy chi c6 P(x)=0,P(x)=1.

@ Bai toan 2.1.3.

Tim tat ca céc da thitc P(x) thoa min phuong trinh P(x) P(2x2) = P(x3 +x),Vx eR.
Loi gidi:
* Truong hop 1. Xét degP(x)=0 tirc P(x)=C thay vao (1) ta dugc C=0 hodc C=1

, hay P(x)=0,P(x)=1 14 hai da thirc can tim.



* Truong hop 2. Xét degP(x)>0

Gid sur x, =0 la nghiém cta P(x) suy ra P(x)=x“Q(x),Q(0)=0,k eN" suy ra
(2:¢)" Q(x)Q(2x%) = (x* +1)' Q(x* +x) thay x=0 suy ra Q(0)=0 VO y.

Nén x, =0 1a nghiém (thuc hodc phurc) ctia P(x).

Gia st x, 1a nghiém ctia P(x) ma |x| c6 gia tri 16n nhat suy ra |x|>2 Vi

X Xyeo X, = % _2" Theo qui tic sinh nghiém ta c6 X’ +x_ciing 1a nghiém nén
a

%P+ x| <[x|= |} +1]<1=12|x|-1=|x[ 1= 4-1=3 VO Iy, suy ra P(x) khong c6
nghiém phirc nao suy ra P(x)=C =0 mau thuan.
Vay chi c6 P(x)=0,P(x)=1.

@ Bai toan 2.1.4.

Tim tat c4 cac da thic P(x) thoa mdn phuong trinh P(x)P(3x*)=P (X’ +7x),vxeR.
Loi gidi:

* Truong hop 1. Xét degP(x)=0 tirc P(x)=C thay vao (1) ta dugc C=0 hodc C=1

, hay P(x)=0,P(x)=1 14 hai da thirc can tim.

* Truong hop 2. Xét degP(x)>0

Gid sur x, =0 la nghiém ctia P(x) suy ra P(x)=x“Q(x),Q(0)=0,k eN" suy ra

(3x2) Q(x)Q(3%*) =(x2 +7) Q(x* +7x) thay x=0 sty ra Q(0)=0 Vo Iy.

Nén x, =0 1a nghiém (thuc hodc phuc) cuia P(x).

Gia st x, 1a nghiém ctia P(x) ma |x| c6 gia tri 16n nhat suy ra |x|>3 Vi

X, Xy X, = % _3. Do x, 1a nghiém nén x’ +7x_cing la nghiém nén
a

%+ 7x| <|x| = [¢ +7| <1=12|x|-7=|x[ ~729-7=2 VB ly, suy ra P(x) khong c6
nghiém phirc nao suy ra P(x)=C =0 mau thuan.

Vay chi ¢ P(x)=0,P(x)=1.



2.2. Phwong phap tim nghiém riéng
Trong muc nay ta quan tam dén bdi todn tim da thirc théa man phwong trinh

P(f(x))-P(g(x))=P(h(x)). Néu phuong trinh da thitc ¢ nghiém riéng m(x) khi @6
ta cé thé nghfdén cdach dat P(x)=m(x)+Q(x) va ching minh Q(x)=0 hodc dat
P(x)=m(x).Q(x) va chitng minh Q(x)=C

& Bai toan 2.2.1.

Tim tat ca cac da thirc P(x) v61hé s6 thuc thoa man

P(x)P(x+1)=P(2x* +8x+6),vxeR (1)

Loi giai:

* Truong hop 1. Xét degP(x)=0 tuc P(x)=C thay vao (1) ta dugc C=0 hodc C=1
, hay P(x)=0,P(x)=11a hai da thtrc can tim.
* Truong hop 2. Xét degP(x)=neN’, tic P(x)=a,x"+a,,x"" +..+aX+3a,a, #0.
Khi d6, so sanh hé so cua lily thira cao nhat ctia (1) taco a’=a,.2" =a =2" suy ra
dat P(x)=(2x+3)" +Q(x),¥xeR (2), véi Q(x) la da thirc h¢ s6 thuc va
degQ(x)=m, 0<m<n thay vao (1) ta co
[(2x+3)" +Q(x) |[ (2x+5) +Q(x+1) | = (2(2x* +8x+6)+3) +Q(2x" +8x-+6)

= ((2x+3)(2x+5))" +(2x+3)" Q(x+1)+(2x+5)" Q(x)+Q(X)Q(x+1) = ((2x+3)(2x+5))’
+Q(2x* +8x+6)

= (2x+3)" Q(x+1)+(2x+5)" Q(x)+Q(x)Q(x+1)=Q(2x* +8x+6) (3)

Néu Q(x) khac da thurc 0 tir (3) so sanh bac cao nhét hai vé ta co6 n+m=2m=n=m
V0 Ii, suy ra Q(x) la da thirc hiang 0. Suy ra P(x)=(2x+3)",vxeR.

Vay cac da thic can tim 13 P(x)=0,P(x)=1P(x)=(2x+3)".

Phan tich loi gidi.




1. Diéu thiéu tu nhién nhit trong 15i gidi trén 1a dit P(x)=(2x+3)" +Q(x), VxR
vay co s& nao dé co thé dit duoce nhu vay?
2. Loi giai trén xuat phat tir tinh chat nghiém ctia phwong trinh da thuc sau:
P(f(x))-P(g(x))=P(h(x)), trong dd f(x),g(x),h(x) la cac da thirc da biét trude
va deg f (x)+degg(x)=degh(x). Khi d6 nghiém cua phuong trinh trén c6 hai tinh
chat quan trong sau:
& Tinh chéat 1. Phuong trinh ludn c6 nghiém 1a P(x)=0,P(x)=1.
& Tinh chat 2. Néu P, (x) la nghiém thi R/(x) cling la nghiém.
deg f (x)=deg g(x)
[f]+[g]=0

nguyén duong n ton tai nhiéu nhat mot nghiém bac n. Trong d6 [f] 1a ki hiéu cua

& Tinh chét 3. Néu deg f (x)=degg(x) hodc { . Khi @6 v6i mdi sb

hé sb bac cao nhét cua da thic f (x).
3. Tur d6 dan dén ta s& di tim mot nghiém riéng P, (x) (thuong nghiém da thuc
bac thap). Viéc tim ra nghiém riéng P, (x) duoc tién hanh boi phuong phéap
quen thudc sau: Xét da thirc bac nhét, gid su nhu P(x)=ax+b,a=0 khi do ta

cO (ax+b)(a(x+1)+b)=a(2x*+8x+6)+b, dé tim a,b ta cd thé s dung

phuong phap can bang hé sb hai vé hodc thay x boi cac gia tri cu thé dé 1ap

ra hé phuong trinh véi an a,b. Chang han cho x=0,x=-1 ta c0

b(a+b)=6a+b (1 , ;
{ (a+b) @ tr (2) néu b=0 suyra a=0 vO ly, do do tir (2) ta co

(-a+b)b=b (2)

néu b=1=>a=0 vo 1y, vay

a=b-1 thay vao (1) ta co b2—4b+3:0@{
b=3=a=2. Vay ta thdy P(x)=2x+3 la mot nghi¢m. Va d& thay néu
P(x)=2x+3 la nghiém thi P(x)=(2x+3)" v6i neN" cling la nghiém, tir d6 ta

c6 hudng dat P(x):%(2x+3)"+Q(x),VXeR va chira Q(x)=0.



@ Bai toan 2.2.2.
Tim tt ca cac da thirc P(x) théa méan phuong trinh P(x2 —4x) =P?(x—6),vxeR (1)

Phan tich:
Bang cach phan tich & trén ta nhin thay phuong trinh trén nhan P(x)=x+4 la
nghiém, theo tinh chat suy ra bai toan s& c6 nghiém P(x)=0,P(x)=LP(x)=(x+4)".
Do d, khi da thirc degP(x)>0 dat P(x)=(x+4)" +Q(x),vxeR va cong viéc tiép
theo Ia thay vao (1) sau d6 chi ra Q(x)=0. Sau day 14 1oi gidi chi tiét.

Loi giai:

* Truong hop 1. Xét degP(x)=0 tirc P(x)=C thay vao (1) ta dugc C=0 hodc C=1
, hay P(x)=0,P(x)=1 14 hai da thirc can tim.
* Truong hop 2. Xét degP(x)=neN, tirc P(x)=a,x"+a, X" +...+aX+a,,a, #0.
Khi d6, so sanh hé so cua lily thira cao nhat cta (1) ta co a’>=a, = a_ =1 suy ra dat
P(x):(x+4)n +Q(x),vxeR (2), v6i Q(x) la da thuc hé sb thuc va degQ(x)=m,
0<m<n thay vao (1) ta cé [(x2 —4x+4) +Q(x? —4x)} =[(x—2)” +Q(X_6)T
= (x=2)" +Q(X* —4x)=(x—2)"" +2(x—2)" Q(x—6)+Q* (x—6)
= Q(x* —4x)=2(x-2)"Q(x-6)+Q*(x-6) (3)
Néu Q(x) khac da thirc 0 tir (3) so sanh bac cao nhét hai vé ta c6 2m=n+m=n=m
VO Ii, suy ra Q(x) la da thirc hiang 0. Suy ra P(x)=(x+4)",vxeR.

Vay céc da thiic can tim 1a P(x)=0,P(x)=1P(x)=(2x+3)".

Twong tw ta cé thé dé dang gidi cdc bai tdp twong tu
© Bai toan 2.2.3.

Tim tat cd cac da thirc P(x) thoa man phuong trinh P(x*)=P?(x),vxeR

Dap sb: P(x)=0,P(x)=1P(x)=x"



@ Bai toan 2.2.4.

Tim tat ca cac da thirc P(x) théa méan phuong trinh
P(x)P(2x*)=P(2x° +4x* +2x+2),vxeR
Dap s6: P(x)=0,P(x)=1P(x)=(x+2)"

@ Bai toan 2.2.5.

Tim tat ca cac da thirc P(x) thoa man phuong trinh
P(x—2).P(x+1)=P(x*+x-3),vxeR (1)
Dap s6: P(x)=0,P(x)=1P(x)=(x+1)".

@ Bai toan 2.2.6.

Tim tat cd cac da thic P(x) thoa man phuong trinh P(x)P(x+1)=P(x* +x),vxeR
Dap s6: P(x)=0,P(x)=LP(x)=x".

@ Bai toan 2.2.7.

Tim tat ca cac da thirc P(x) théa mdn phuong trinh
P(X*—y*)=P(x+y).P(x-y),vx,yeR.
Huéng dan:
Cho y=0 ta qui vé bai toan quen thudc P(xz) =P?(x)
Déap s6: P(x)=0,P(x)=1P(x)=x"

@ Bai toan 2.2.8.

Tim tat c4 cac da thirc P(x) thoa man phuong trinh P(xy)=P(x).P(y),vx,yeR.
Huéng dan:
Cho y=x ta qui vé bai toan P(x2)= P?(x)

Dép s6: P(x)=0,P(x)=LP(x)=x"

Sau ddy la mét s6 bai todn ma nghiém riéng la da thirc bdc 2.

@ Bai toan 2.2.9.
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Tim tat c4 cac da thic P(x) thoa mdn phuong trinh P(x)P(x+1)=P(x* +2),vxeR.
Phén tich.

Xét da thirc bac nhat, gia st nhu P(x)=ax+b,a=0 khi d6 ta co
(ax+b)(a(x+1)+b)=a(x*+2)+b, d¢ tim a,b ta c6 the st dung phuong phap can

a’=a a=1
bang hé s hai vé ta c6 a(a+b)+ab=0< b= —% vo nghiém. Vay khong co

2a+b=b(a+b) |p2_,
nghiém riéng 14 da thirc bac nhét.
Xét da thure bac hai , gid st nhu P(x)=ax’+bx+c,a=0 khi do ta co
(ax® +bx+c)(a(x+1)2 +b(x +1)+c) =a(x? +2)2 +b(x* +2)+c (1) so sanh h¢ sd cua liy
thira x* cua (*) taco a’ =a=a=1.Suy ra (1) tr¢ thanh
(x2 +bx+c)(x2 +(b+2)x+1+b+c): X" +(b+4)x*+4+2b+c (2) So sanh h¢ sO cua lily
thira x* ta ¢ b=-1. Suy ra (2) tré thanh (x2 —x+c)(x2 +x+c): x"+3x*+c+c (3) SO
sanh hé s6 ctia x? va hé s6 tu do ta duoc c=2. Vay ta théy P(x)=x"-x+2 la mot
nghiém. Va d& thay néu P(x)=x*-x+2 la nghiém thi P(x) :(x2 —x+2)n voi neN
cling la nghiém, tir d6 ta c6 hudng chi ra bac cua P(x) phaila s6 chan va dat
P(x)=(x* —x+2)n +Q(x),¥xeR va chira Q(x)=0.

Loi gidi:

* Truong hop 1. Xét degP(x)=0 tiuc P(x)=C thay vao (1) ta dugc C=0 hodc C=1
, hay P(x)=0,P(x)=11a hai da thirc can tim.
* Truong hop 2. Xét degP(x)>0
Chung minh bac cua P(x) khong thé 1a s6 1. That vay, gia sir bic cla P(x) 1a mot
56 1¢ khi d6 s& ton tai x, sa0 cho P(x)=0 suy ra P(xf +2):0 hay x,=x’+2 cling la
nghiém, ta thiy phuong trinh x?+2=x khong c6 nghiém thuc, suy ra x, = x, va hon
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nira x, > x . Xét day nghiém (x,) voi x la mot nghiém thuc ctia P(x) va

x =x2,+2,¥neN,n>2 ta thdy x <x, <..<x _, <x <.. vachiung déu 12 nghiém cta
P(x) suy ra P(x) c6 vo s nghiém, suy ra P(x)=0 (V0 Iy).

Nhu vy bac cia P(x) 1a mot sd chin, suy ra P(X)=a,,X*" +a,, X" " +..+ax+a, Va

so sanh hé s6 cua lily thira cao nhat ta ¢ a,, =1, ddt P(x)=(x*~x+2) +Q(x),vxeR

vo1 Q(x) 1a da thirc hé s6 thuc va degQ(x)=m,0<m<2n thay vao phuong trinh ban
dau ta co [(x2 —x+2)n +Q(X)J|:(X2 + x+2)n +Q(x+1)} = (x4 +3x2 +4)n +Q(x2 +2)

:><(x2 —x+2)(x2 +x+2))n +(x2 —x+2)nQ(x+1)+(x2 +x+2)nQ(x)+Q(x)Q(x+1)
:( 4 3x2 +4)n +Q(x2 +2)
suy ra (x* -x+2) Q(x+1)+(x*+x+2) Q(x)+Q(x)Q(x+1)=Q(x* +2) (1)
Néu Q(x) khac da thire 0 tir (1) so sanh béc cao nhat hai vé ta c6
2n+m=2m=2n=m VO li, suy ra Q(x) la da thirc hing 0. Suy ra
P(x):(x2 —x+2)n ,VxeR.
Viy cac da thire can tim 1 P(x)=0,P(x)=1,P(x)=(x*-x+2) .
Nhan xét sau loi giai:

1. Ta thdy nghiém riéng ctia bai toan trén 1a da thirc bac 2. Khi d6, phép dit
P(x)=(x*~x+2) +Q(x),vxeR la chua dugc, do d6 trudc khi tién hanh dit ta
phéi chimg minh dugc bac cua P(x) la s0 chan.

2. Viéc chung minh béc ctia P(x) la s6 chan. thuong duoc xir 1i nhur 101 giai
trén, tirc ta g1a st bac 1€, suy ra c6 nghiém thuc, suy ra c6 vo $6 nghié¢m thyec,
suy ravo ly.

@ Bai toan 2.2.10.
Tim tat c4 cac da thic P(x) thoa mdn phuong trinh P(x)P(x-1)=P(x*),vxeR (1)
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Loi gidi:
* Truong hop 1. Xét degP(x)=0 tirc P(x)=C thay vao (1) ta dugc C=0 hodc C=1
, hay P(x)=0,P(x)=1 14 hai da thic can tim.

* Truong hop 2. Xét degP(x)>0

Ching minh bac cua P(x) khong thé 1a sb 1¢. That vay gia st P(x) béc l¢ thi suy ra
P(x) c6 nghiém & suy o?,(a+1)° ciing 1a nghiém.

Xétday (x,) voi x, =x.,,VneN,n>2.

-Néu « e(-11)\{0} thichon x, =a® = x €(0;1)=(x,) giam, suy ra P(x) c6 v sO
nghiém, suy ra vo ly.

-Néu « e(—0;-1)U(L+0) thi chon x, =a® = x >1=(x,) tdng, suy ra P(x) c6 v sO
nghiém, suy ra vo ly.

-Néu e {0;+1} 1a nghiém suy ra 2 1a nghiém, khi do chon x, =2 suy ra day (x,)
tang, suy ra P(x) ¢ vd sd nghiém, suy ra vo 1y.

Nhu vay bac cua P(x) la mot s6 chan, suy ra P(X)=a,X" +a,, X" +..+ax+a, Va

so sanh hé s0 cua liy thira cao nhét ta ¢4 a,, =1, dat P(x)=(x*+x+1) +Q(x),vxeR

vO1 Q(x) la da thuc hé s6 thuc va degQ(x)=m,0<m<2n thay vao phuong trinh ban
dau ta co [(x2 +x+1)n +Q(x):|[(x2 —x+1)n +Q(x—1)} :(x4 + X +1)n +Q(x2)
:>(x4+x2+1)n+(x2+x+1)nQ(x—1)+(x2—x+1)nQ(x—l)+Q(x)Q(x—1):(x4+x2+1)n+Q(x2)
suy ra = (x*+x+1) Q(x—1)+(x*—x+1) Q(x-1)+Q(x)Q(x-1)=Q(x*)

Néu Q(x) khac da thirc 0 tir (1) so sanh béc cao nhat hai vé ta c6

2n+m=2m=2n=m VO Ii, suy ra Q(x) 1a da thirc hang 0. Suy ra

P(x):(x2+x+1)n VxeR.
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n

Vay céc da thiic can tim 13 P(x)=0,P(x)=1 P(x)=(x*+x+1)

Twong tw ta cé thé dé dang gidi cdc bai tdp twong tw
© Bai toan 2.2.11.

Tim tat c4 cac da thirc P(x) théa man phuong trinh P(x)P(x+1)= P(X*),vxeR (1)

Déap s6: P(x)=0,P(x)=1P(x) =(x*=x)’

@ Bai toan 2.2.12.

Tim tat ca cac da thitc P(x) thoa min phwong trinh
P(x3 +x—1).P(x3 +x): P(x6 +2x* —2x + x° —2x+3),VXER (1)
Pap s6: Pt t=xX+x-1LvxeR=teR
()= P(t).P(t+1)=P(t*+2),vteR.
2.3. Phwong phap dwa vao tinh chia hét cia da thirc
Tir diéu kién d@é bai ta chi ra dwoc P(x):m(x) khi d6 ddt P(x)=m(x)Q(x) dé
chuyén vé bai todn tim da thire Q(x) don gidan hon.

© Bai toan 2.3.1. (Hy Lap 2014)

Tim tat c4 cc da thitc v6i hé s6 thye P(x) théa man phuong trinh
(x* —6x+8)P(x)=(X*+2x)P(x—-2),vxeR (1)
Loi gidi:
Tir (1) ta 6 (x—2)(x—4)P(x)=x(x+2)P(x—2)
Suy ra P(x):x(x+2)
Tir P(x—2)i(x—2)(x—4)= P(x)ix(x—2)
Suy ra dat P(x)=x(x"-4)Q(x)
Suy ra (x—2)(x—4)x(x* -4)Q(x) =x(x+2)(x-2)(x-4)xQ(x~2)
Suy ra (x-2)Q(x)=xQ(x—-2)
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Suy ra Q(x):x
bit Q(x)=xR(x)=(x-2)xR(x)=x(x—-2)R(x—2)=R(x)=R(x-2)=R(x)=C
Suy ra P(x):sz(x2—4).

O Bai toan 2.3.2. [ VMO 2003, bang B]

Tim tat c4 cac da thitc P(x)eR[x] thoa man ding thirc
(3 +3%% +3x+2) P(x—1) = (x* —3x* +3x—2)P(x), VxR (1)
Loi gidi 1:
Tu (1):(x+2)(x2+x+1)P(x—l)=(x—2)(x2—x+l)P(x),VXER (2)

P(X)i(x+2)(X* +x+1)

TSI oo

}: P(X)S(x+2)(x—1)(x2 +x+1)

Nén ta ddt P(x)=(x+2)(x-1)(X* +x+1)Q(x) thay vao (1) ta duogc

(x+2) (% +x+1)(x+1) (x=2)(X* = x+1)Q(x 1) = (x = 2)(x* = x+1) (x+2)(x=1)(X* + x+1)Q(x)
suy ra (x+1)Q(x-1)=(x-1)Q(x) (3)

Q(x)i(x+1)
Q(x-1)i(x-1)

Nén ta dat Q(x)=x(x+1)R(x) suy ra R(x—-1)=R(x)=R(x)=C

Tu (3) suyra

}:Q(x)fx(xﬂ)

Suy ra P(x)=C(x-1)x(x+1)(x+2)(x* +x+1)

Loi giai 2:
Tur (1) = (x+2)(x* +x+1)P(x—=1) = (x=2)(x* =x+1)P(x),vxe R (2)
Tl (2) ta nhan thiy P(x) nhan cic nghi¢m sau: —2;1,-1,0 (*) nén dit
P(x) = x(x-1)(x+1)(x+2)Q(x),¥xe R (3) Va Q(x)eR[x]. Thay (3) vao (2) ta dugc
(x*+x+1)Q(x-1) =(X* —=x+1)Q(x), (4). Pat Q(x)=(x*+x+1)R(x) suy ra R(x)=C
= P (%) = Cx(x—1)(x+1)(x+2)(x* + x+1) (**)

Tu (*) va (**) tasuy ra = P(X)=CX(X—1)(X+1)(X+2)(X2+X+1),VXER véi C —const
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Thur lai thay thoa man. P(x)=Cx(x—1)(x+1)(x+2)(x2 +x+1),VXG]R véi C—const .
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@ Bai toan 2.3.3.

Tim tat ca cac da thirc P(x) e R[x] thod man dang thirc
(x—1)° P(x)=(x—=3)" P(x+2),vxeR (1)

Do P(x)i(x—3)" Suy ra ddt P(x)=(x-3)"Q(x)

Suy ra (x-1)"(x=3)"Q(x)=(x-3)" (x-1)" Q(x+2)

Suy ra Q(x)=Q(x+2)=Q(x)=C

Suy ra P(x)=c(x-3)".

& Bai toan 2.3.4.

Tim tat ca cac da thirc P(x)eR[x] thod man dang thirc
(x=1)"" P(x)=(x=3)"" P(x+2),vxeR (1)
Loi giai:

Do P(x)i(x—3)"" Suy ra dit P(x)=(x-3)""Q(x)
(

Suy ra (X 1)2015( )2015 ( ) X — 3)2015( )2015 Q(X+ 2)

Suy ra Q(x)=Q(x+2)=Q(x)=C
Suy ra P(x)=c(x-3

)2015

2.4. Phwong phap sir dung day nghiém
Néu o la nghiém cia da thirc P(x) thi f(«a) ciing la nghiém cua da thirc, khi do

ta xdy dung day (x,): {Xl jf (%) néu day nay don diéu thi P(x) co vo s6 nghiém

n+1

nén P(X)EO.
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@ Baitoan 2.4.1.

Tim tt ca cac da thire P(x) vo1 hé s6 thuc thoa man diéu kién
P((x+2)")=(P(x)+3x+1)"" ~(x+1)™ va P(0)=0 (1)

Loi gidi:
D@ thiy P(x) khong phai la da thirc hing.

Dit Q(x)=P(x)+x thay vao (1) ta ¢6 Q((x+1)"™)=(Q(x)+2x+1

)2015

X, =Q(0)=0

o tathdy (x,) 1a day so tang
Xpo = (14%,)

Xét day sd (X,) :{

2015 2

Ta c6 Q(x)=Q((1+%)™)=(Q(x)+2%+1)"" =1=x
St dung phuong phap quy nap ta chimg minh Q(x,)=x?. That vay: véi n=1 ludn

ding, gid str da co Q(x,)=x suy ra

Q%) =Q( (%, 1)) =(Q(x, )+ 2%, +1) " = (¢ +2x,+1) ™ =[ (%, +1)2°“"}2 =X,

Suy ra Q(x,)=x2,vneN ma (x,) 1a day ting nén suy ra Q(x)=x*=P(x)=x*-X.
© Bai toan 2.4.2.

Cho hai da thic P(x),Q(x) déu co nghiém thuc va thoa man

P(1+x+Q*(x))=Q(1+x+P?(x)). Chimg minh rang P(x)=Q(x).

Loi gidi 2:
Ta chirng minh ton tai o dé P(a«)=Q(«a). Goi a,b lan luot 1a nghiém cua
P(x),Q(x) tacd P?(a)-Q*(a)<0<P?(b)-Q*(b) ma P?(x)—Q?*(x) la ham lién tuc
nén ton tai ¢ sao cho P?(c)=Q*(c). bat a=1+c+Q*(c)=1+c+P?(c) suy ra

X =a

1a ddy tang va cic phan t cua da
xn+l:1+xn+Q2(xn) ytang P Y

P(a)=Q(a). Xét diy (xn):{

déu 1a nghiém cua P(x)-Q(x). Suy ra P(x)=Q(x). Suy ra diéu phai chting minh.
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@ Bai toan 2.4.3.

Tim tat ca cac da thirc P(x) théa méan phuong trinh
P(X)P(x+1)=P(x* +x+1),vxeR (1)

Loi gidi:
* Truong hop 1. Xét degP(x)=0 tirc P(x)=C thay vao (1) ta dugc C=0 hodc C=1
, hay P(x)=0,P(x)=11a hai da thtrc can tim.
* Truong hop 2. Xét degP(x)>0
Chirng minh bic cua P(x) khong thé 1a s6 1é. That vay, gia sir bac cia P(x) la mot
s6 1¢ khi d6 s ton tai nghiém thyc x, sao cho P(x,)=0 suy ra P(x’+x +1)=0. hay
X, =x2 +x +1 ciing 12 nghiém, ta thdy phuong trinh x*+x+1=x khong c6 nghiém
thuc, suy ra x, # x, va hon nira x, > x,. Xét ddy nghiém (x,) vo1 x 1a mot nghiém
thuc clia P(x) VA x, =x2, +2,¥neN,n>2 ta thiy x <x, <..<X_, <X, <.. VA ching
déu 1a nghiém cua P(x) suy ra P(x) co vo sd nghiém, suy ra P(x)=0 (VO ly).
Nhu vay béc ciia P(x) la mot s6 chan, suy ra P(X)=a,,X*" +a,, X" " +..+ax+a, Va
so sanh hé s6 cua lily thira cao nhét ta ¢4 a,, =1, dit P(x)=(x*+1) +Q(x),VxeR.
vO1 Q(x) la da thurc hé sO thuc va degQ(x)=m,0<m<2n thay vao phuong trinh ban
dau ta co [(x2 +1)n +Q(X)J[(X2 +2x+2)n +Q(x+1)} :((x2 +x+1)2 +1)n +Q(x2 + x+1)
= (x4 +2x°+3x° +2x+2)n +(x2 +1)n Q(x+1)+(x2 +2x+2)n Q(x)+Q(x)Q(x+1)
=(x*+2x°+3x° +2x+2)n +Q(x* +x+1)
suy ra :>(x2 +1)n Q(x+1)+(x2 +2x+2)n Q(x)+Q(x)Q(x+1) :Q(x2 +x+1) (2)
Néu Q(x) khac da thirc 0 tir (2) so sanh bac cao nhat hai vé ta co

2n+m=2m=2n=m VO Ii, suy ra Q(x) la da thuc hang 0. Suy ra

P(x):(x2+1)n VXeR.
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n

Vay céc da thiic can tim 1a P(x)=0,P(x)=1P(x) =(x*+1)
2.5. Phwong phép so sanh béc va cin bing hé so

Phwong phdp nay dwa trén dinh nghia vé hai da thirc bang nhau chang han
ax"+a X"'+..+ax+a, =b x"+b X" +..+bx+b, khi va chi khi n=m va
a =b,vi=0,n. Tir dé ta xdc dinh dwoc bdc va cac hé $6.

& Bai todn 2.5.1.[ Trai he Hung Vwong, 2015]

Tim tat c4 cac da thitc P(x) v6i h¢ s thyc théa man diéu kién
P(x)P(x+2015)=P(P(x)+2015x),vxeR (1)

Loi giai:
Néu P(x) la da thirc hing thi P(x)=0 hodc P(x)=1.
Xét P(x)=ax"+a, X" +...+aX+a,a,#0,n=>1. Bang cach so sanh bac cao nhit cta
hai vé ta dugc 2n=n?>=n=2. Do do, P(x)=ax*+bx+c,a=0. DPong nhat hé s6 cla
x' taco a’=a’=a=1suyra P(x)=x*+bx+c thay vao (1) vacho x=0 suyra c=0

hoac b=-2016.

suy ra P(x)=x?® hoac
b=-2016 y ( ) )

£ \ | b=
Néu c=0= P(x)=x*+bx thay vao (1) ta co {
P(x)=x*—-2016x. Thtr lai chi c6 P(x)=x* thoa man.
Néu b=-2016 = P(x) = x?—2016x+c thay vao (1) ta c6 c=-4013 suy ra
P(x)=x*—-2016x—4031 thir lai khong thoa man
Vay P(x)=0 hodc P(x)=1hodc P(x)=x".

& Bai todn 2.5.2.[ Slovenia MO 2014]

Tim tt ca cac da thirc P(x) vo1hé s6 thuc thoa man diéu kién
P(P(x))z(x2 +x+1)P(x),VXGR

Loi gidi:
Néu P(x) la da thuc hang thi P(x)=0
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Xét P(x)=a,x"+a, X" +..+aX+a,a, #0,n=1. Béng cach so sanh béc hai vé ta
dugc n®=n+2=n=2. Do d6, P(x)=ax’+bx+c,a=0. Su dung déng nhét hé sd ta
dugc a=1b=1c=0 suyra P(x)=x*+x.

Vay P(x)=x*+x hodc P(x)=0.

@ Bai toan 2.5.3.

Tim tat c4 cac da thic P(x) v6i hé s0 nguyén biét 16P(x*)=P?(2x), vxeR (1)
Loi gidi:
Néu P(x) la da thirc hing thi P(x)=0 hogc P(x)=16.

X6t P(x)=ax"+a, X" +..+ax+2,a, #0,n>1 VA a,,a,,...,a, €Z. S0 sanh hé s§ x*
. X , 16
hai vé ta co a, =7 Do a,eZ=n=12.

V61 n=1= P(x)=4x+b thay vao (1) va so sanh h¢ s6 hai vé ta c6 b=0 suy ra
P(x)=4x.

V6i n=2=P(x)=x*+bx+c thay vao (1) va so sanh hé s6 hai vé ta c6 b=c=0 suy
ra P(x)=x.

Vay co bén da thire thoa min yéu cau la: P(x)=0, P(x)=16, P(x)=4x, P(x)=x".

O Bai toan 2.5.4. [ THTT-4/2008]

Tim tat ca cac da thirc P(x)eR[x] thod man dang thirc
P(P(x)+x)=P(x).P(x+1),vxeR (1)

Loi gidi:
TH1: degP(x)=0. Khi d6

C=0=P(x)=0,vxeR

= P(x)=C,vxeR thay vao (1) tacé C=C*’ =
(%) © y @) C=1=P(x)=1VvxeR

TH2: degP(x)=neN ={1,2,3....}. Khi do0

= P(x)=a,x"+a,_ X" +..+ax+a,a, =0 thay vao (1) ta dugc
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P((anx” . AX+ 8y )+ x) =(a,x" +a, ,x"* +...+a1x+a0)[an (x+1)" +...+a1x+a0} (2)
o So sanh luy thira cao nhét hai vé cuia (2) tadugc n*=2n=n=2
o So sanh hé s6 ung voi luy thira cao nhat hai vé cia (2) ta duogc
8 =2, =a,=1
o = P(x)=x"+ax+a, VxeR(3)
o Thay (3) ta thiy luon ding
P(x)=0,vxeR
KL: | P(x)=1vxeR
P(x)=x*+bx+c,vxeR
Nhan xét:
1. St dung thuan tuy so sach bac, so sanh hé s6 cua da thirc
2. Bai toan c6 thé mo rong thanh P(P(x)+ax)=P(bx+c).P(dx+e)
3. degP(P(x))=n?deg| P(x).P(x+a)]=2n
P(P(x)+x2)= P(x).P(x+1),vxeR (1), khi d6 tachriéng n>2 va n=2,n=1
© Bai toan 2.5.5.
Tim tat ca cac da thuc P(x)eR[x] théa man diéu kién

{ (2)=12

( ) (x +1) ),VXER.

Loi gidi:
Gia stir degP(x)=n. So sanh bic cua X trong hai vé cta (1) ta dugc 2n=n+4=>n=4.
Tur (1) suy ra P(x)ix(x+1)=P(x*):x* va khi cho x=1 suy ra P(1)=2P(1)=P(1)=0

suy ra P(x)=Cx?*(x+1)(x-1),do P(12)=12«<C=1. Vay P(x)=x"-x".
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& Bai todn 2.5.6.
Tim tat c4 cac da thitc P(x)eR[x] thoa min 18P(x)—8x—16="P'(x)P"(x) (1)

Loi gidi:
Néu deg P(x)=0 thiy khong théa man

Néu degP(x)=1=>P(x)=ax+b=P'(x)=a,P"(x)=0 thay vao (1) ta co

18ax+18b—8x-16=0<>(18a-8)x+180-16 =0 < suy ra P(x):gx+g
Néu degP(x)=n>2 khi d6 so sanh lily thira cao nhat hai vé
n=(n-1)(n-2)<n*-4n+3=0<n=3

bat P(x)=ax’+bx*+cx+d,a=0 khi do so sanh hai da thurc bang nhau ta c6
a=b=c=d=1suyra P(x)=x"+x"+x+1.

Vay: P(x):gx+g,P(x)=x3+x2+x+1.

@ Bai toan 2.5.7.

Xac dinh da thtc véi hé sd thuc P(x) thoa man diéu kién

P(X2015 + y2015) — P2015 (X)+ PZOlS(y) ’ VX, y c ]R (1)
Loi gidi:
> Xét truong hop P(x) 14 da thitc hing: Khi do, gia stt P(x)=C,vxeR
C=0 P(x)=0,vxeR
Tu (1)=>C=2C"= 1 =

_ 1
_201{1/5 P(X)=@’

vxeR

Thur lai thay thoa man.
> Xét truong hop P(x) khong la da thirc hang: Khi do, gia st

P(x)=a,x"+a, X" +..+aX+a, vxeR, trong d6 neN",a, =0
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: ‘ _ P(2x%°)=2P*(x),vxeR (2)

O (1) lan luot ta thay y boi x; y=0 ta dugc
P(X2015) _ P2015 (X)+ P2015 (0) VxeR (3)

Do VT (2) l1a da thire bac 2015n, hé s6 bic cao nhét 1 a,.2" va VP(2) la da thic bac

2015n, hé s6 cao nhat 1a 222 = a,.2" = 2™ (4)

Do VT (3) 14 da thitc bac 2015n, hé s6 bac cao nhat 1a a, va VP(3) la da thic bac

2015n, hé s6 cao nhit 1a 2 = a, =a2* (5)

4)

Tu (5)=a, =1=n=1=P(x)=x+a, Vxe R (6) thay (6) vao (1) ta duoc

x2°15+y2°15+a0:(X+ao)2015+(y+ao)20151 vx,yeR (7)
| a,=0 P(x)=xVxeR
O (7) tacho x=y=0=a,=2a" = L =

:201\4/5 P(x)=x+ 201\/_ vxeR

Thir lai thay P(x)=x,VxeR thod man, P(x)=x vx e R khong thod man.

=

KL: C6 ba da thirc thod man 1a: P(x)=0, P(x):%& P(x)=x

@ Bai toan 2.5.8.

Xac dinh da thtc véi hé sd thuc P(x) thoa man diéu kién
P(x2 + yz): P?(x)+P*(y),Vx,yeR (1)
Loi gidi:
> Xét truong hop P(x) 14 da thitc hing: Khi do, gia sit P(x)=C,vxeR

C P(x)=0,vxeR
Tu (1)=>C=2C"= c

0
1= 1
5 P(x):E,VXeR

Thir lai thiy thoa man.
> Xét truong hop P(x) khong la da thirc hang: Khi do, gia st

P(x)=a,x"+a,, X" +..+aX+3, VxeR, trong d6 neN",a, =0
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: ‘ _ P(2x*)=2P*(x),vxeR (2)
O (1) lan luot ta thay y boi x; y=0 ta dugc
P(xz): P?(x)+P?*(0),vxeR (3)
Do VT (2) 1a da thire bac 2n, hé s6 bac cao nhat 1a a,.2" va VP(2) la da thic bac
20060, hé s cao nhit 1a 2% =a,.2" =2.a (4)
Do VT (3) la da thitc bac 2n, hé s6 bac cao nhét 1a a, va VP (3) 1a da thic bac 2n,

h¢ s6 cao nhat la a? =a, =a? (5)

4)

Tu (5)=a, =1=n=1=P(x)=x+a, Vxe R (6) thay (6) vao (1) ta duoc

x2+y2+a0:(x+a0)2+(y+a0)2, vx,yeR (7)
=a, =2(x+Yy)a,+2a5,vx,yeR=a,=0=P(x)=0,vxeR

Thir lai thay P(x)=x,vxeR thoa man.

KL: C¢é ba da thirc thoda man la: P(x)=0,P(x) =%& P(x)=x
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C.KET LUAN

Chuyén dé da dé cp kha day du vé phuong phap giai bai toan tim da thirc,
trong d6 da dua ra dugc nhitng cach giai mdi va kém thém nhiing phan tich 1am ro
hon cach giai. Qua d6 gitp hoc sinh tiép can va hinh thanh phuong phap giai quyét
mot 16p cac bai toan tim da thic, tang thém tinh say mé va tich cuc tim to1, sang
tao & cac em. Vi kién thirc va thoi gian nghién ctiru con han ché nén chuyén dé chic
han con ton tai nhing thiéu sot.

T6i mong don nhan su trao d6i, gop v ctia Quy Thay Co dé chuyén dé ngay

cang hoan thién va sau sac hon nita. T61 xin chan thanh cdm on!
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