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1. PAT VAN PE
Chuyén dé hinh hoc 1a mot chuyén d& hay va kho, luén c6 mit trong cac ky thi

HSGQG, né giit mot vai trd vo cung quan trong khong chi boi nét dep riéng ma con vé
luong kién thirc rat 1on. Viéc tim 10i giai, con duong tu duy cic bai toan hinh hoc phang
khong chi nim trong mét chuyén dé nho ma thudng két hop rat nhiéu kién thic lién quan.
Viéc day cho hoc sinh mdt cai nhin téng quat, cach tim hudéng giai cac bai toan hinh hoc
phang 13 rit kho. Vi vy t6i mudn cung cép cho hoc sinh khong phai 1a mot chuyén dé nho
ma la hé théng kién thtc nhu nhitng “chia khoa”, giip hoc sinh sau khi v€ hinh s€ c6 h¢
thdng kién thirc lién quan dé mé ra 10i giai. Hoc sinh ¢6 cang nhiéu “chia khoa” thi viéc mo
ra 1o giai bai toan s& cang dé dang. Trong ndi dung SKKN, tdi chi huéng dan hoc sinh cach
dung chia khoa trong mot s6 phan, va phan con lai dé hoc sinh tu tim toi, tir d6 biét cach tich
liiy cac chia khoa riéng cho minh, chi dong hon trong viéc xay dung 101 giai bai toan. Pay
13 mot phuong phap hiéu qua dé giai quyét cac bai toan hinh hoc phang.

Vi vay toi da Iya chon dé tai:

«“PHUONG PHAP SU DUNG BAI TOAN CHIA KHOA TRONG
GIAI TOAN HINH HQC PHANG”

lam dé tai sang kién kinh nghiém ctia minh trong nam hoc 2019-2020.
2. GIAI QUYET VAN DE
2.1 Co s& 1y luin ciia van dé
Trong chuyén dé hinh hoc phéng, c6 rat nhiéu cac dinh 1y, tinh chat tir c6 dién dén hién dai,
va viéc hoc duogc hét cac kién thuc lién quan dén no 1a diéu qué kho khan. Trong khi do,
viéc giai cac bai toan hinh hoc phéng trong dé thi hoc sinh gioi lai dya rat 1on vao viée hoc
sinh nam dugc kién thirc co ban, dé khi v& xong hinh, cé thé nhin hinh dé biét ta di co
nhirng tinh chét nao, nhitng gi lién quan dén bai toan, tir 46 tim hudng giai. Vi vay, t6i mudn
gitip cac em c6 duge hé thong kién thirc quan trong, co cac chia khéa quan trong dé ding
giai quyét cac bai toan hinh hoc phang. Dé c6 thé giai quyét mot bai toan hinh hoc phing
bang cach str dung cac chia khéa nay ta can nam rd cic ndi dung co ban:
+ Ly thuyét va bd dé 1 vé duong dbi trung.
+ Ly thuyét va bd dé 2 vé phép vi tir quay.

+ Pudng tron minxtilinear va bb dé 3, bo dé 4.



+ Cac tinh chat quan trong lién quan dén duodng kinh cua duong tron ndi tiép, trung diém
cung cach déu cac dinh va tim duong tron ndi tiép, bang tiép, cac dudng thang dong qui tir
duong tron ndi tiép, cac dudng tron xung quanh dudng tron ndi tiép, dbi xing cia truc tim
nam trén duong tron ndi tiép, tim duong tron ngoai tiép O, tryc tim H : gitp ta dinh huéng
101 giai mot cach nhanh nhat.

Trong bai viét nay s& dé cap dén viéc sir dung cac bd dé chia khoa quan trong dé ta co
thé giai quyét dugc nhiéu dang toan trong hinh hoc phing nhu cac bai toan chirng minh 3
diém thang hang, cach diém thudc duong tron, cic duong thing, duong tron dong quy...,
bai viét nay ta khong chia thanh cic dang bai toan cu thé ma chi tap trung vao cach nhin
hinh, phat hién ra tinh chat hinh dé giai quyét cac bai tap ap dung. Thong qua cac vi du dé
chung ta thiy dugc cach ding cic bd dé chia khoa trong giai toan hinh hoc phang.

2.2. Thyec trang cia van Qé o
Chuyén dé da hé thong lai cac bo dé chia khoa quan trong va cach van dung vao giai

toan hinh hoc phing trong chwong trinh bdi dudng hoc sinh thi hoc sinh gidi cac cap. Tuy
nhién viéc giai quyét dugc cic bai toan hinh hoc 1a khong don gian. N6 doi hoi nguoi lam
toan ngoai viéc hiéu rd kién thirc, cé cac ky nang can thiét thi can phai c6 mot tu duy sang
tao, sic bén. Trong khuan kho ciia SKKN nay chi trinh bay viéc sur dung bo dé chia khoa dé
giai bai toan ching minh trong hinh hoc phang.

2.3. P6i twong nghién ciru. i
Hoc sinh 16p 10 Toan va ddi tuyén HSG 10 mén Toan.

2.4. Gi6i han pham vi ngi dung nghién ctru.

Kién thtrc day cho hoc sinh doi tuyén HSG 10, 11, 12 ap dung cho cac ki thi HSG cép
tinh, khu vuc va HSG qudc gia.
2.5. Nhiém vu nghién ciru.

Gitp hoc sinh nim duoc 1y thuyét cua cac kién thire lién quan dén hé thong bod dé, biét
van dung vao giai toan hinh hoc phang.
2.6. Phuong phap nghién ciru.

Xay dung hé thong co s¢ 1i ludn dya trén chuong trinh sach gido khoa chuyén, céc
chuyén dé Duyén Hai, tai liéu lién quan va trao d6i v6i cac dong nghiép. Trén co s¢ do xay
dung hé thong phuong phép giai toan.

2.7. Thoi gian nghién ciru.
Nam hoc 2019 — 2020, trong cac budi boi dudng hoc sinh gidi khoi 10,11.



3. NOI DUNG

A. XAY DUNG VA SU DUNG BO PE CHIA KHOA:

I. Str dung dwong ddi trung ciia tam giac
1.Ly thuyét dwong doi trung:
- Pinh nghia: Trong tam giac ABC, dudng thang ddi xing voi duong trung tuyén
AM qua duong phan giac trong AD goi 13 dudng ddi trung cta tam giac ABC xuit
phat tir dinh A.

A

B S DM C

2.M{t vai tinh chit ciia dwong doi trung
2.1.Puong d6i trung chia trong canh dbi dién thanh nhitng phan ti 18 véi binh phuong
cac canh ké.

SB  AB?

SC  AC?
2.2.Ba duong ddi trung cua tam giac dong quy tai mot diém.
2.3.Dudng ddi trung xuat phat tir mot dinh cua tam giac 1a quy tich ctia nhimng diém
o ti s6 khoang cach dén hai canh ké cua tam giac ti I¢ thuan véi do dai cua cac canh.
2.4.Chia khoa 1- B(; dé 1: Goi w 1a duong tron ngoai tiép tam giac ABC. Tiép tuyén
clia o tai B, C cat nhau tai D thi AD d6i xtng véi trung tuyén AM qua dudng phan
giac trong clia goc A ( duong thang AD goi 1a dwong doi trung cta tam giac ABC).

(O day ta xét truong hop goc BAC nhon (truong hop BAC tu chimg minh tuong tu).
Loi gidi I: (Sir dung tryc ti€p dinh li ham s6 sin) 7

Goi M 1a giao diém canh BC v61 duong thing doi1 xing vé1 duong thang AD qua
phan giac goc BAC.

am SINBAM | | |
Ta ¢ BM _ sin ABC _ SInBAM sin ABD _sinCAD.sin ABD _ CD.AD _
MC AM.M sin ACD sinCAM sin ACD.sinBAD AD BD
sin ACB



= BM =MC. Do d6 M la trung diém BC.
Loi gidi 2: (St dung tam giac dong dang, ki hiéu: ~) 7
Cach 1: Goi O 1a tam duodng tron @. Goi Q la duong tron (D,DB). Cac duong thang
AB, AC cat Q tai di€m thu hai P, Q twong img. Goi M 1a trung diém BC.
e Tacod: PBQ=BQC=BAC= %(BDC + BOC) =90° = PQ 1a duong kinh cua
duong tron Q = D e PQ.
e Ta co : AABC~AAQP va M la trung diém BC, D la trung diém PQ
= BAM =QAD =dpcm.
Cach 2: Goi E 1a giao diém tht hai ciia AD va . Puong thang ddi xtimg véi AD
cat BC tai M’. Ta c6 AABM'~AAEC &AAM'C ~AABE (g—g). Suy ra
M'B_EC  ,M'C_BE
& g O
AM' AC AM'

Ta c6 ADEC ~ ADCA & ADBE ~ ADAB =

EC_DC&BE_BD
AC AD AB AD’

EC BE

i  DC=DB=—Z-=— Tw O & @
ma AC AB( )- (1) (2) suy ra
MC _BM . cM'=BM'=M'=M = (dpem).

AM'~ AM'

Cach 3: (st dung dinh li Pt6lémée) ,
Goi E 1a giao diém thur hai cua @ va AD. Ap dung dinh 1i Ptolémé cho tir gidc
ACEB, ta co AC.BE + AB.CE = AE.BC. (1)

Ta c6 ADEC ~ ADCA & ADBE ~ ADAB =

EC_DC&BE_BD
AC AD AB AD’
EC BE

ma DC=DB= — AC.BE = ABCE. (2)
AC  AB

Tu (1), (2) & MB=MC suy ra

AC.BE=MC.AE = g:%—l\:\&AEB ACM = AABE ~ AAMC = BAE = MAC

= AM & AE d6i xting nhau qua phéan giac goc BAC.

Loi giai 3: (su dung phep nghich dao)

Tiép tuyén cua duong tron @ tai A cit BC tai E. Goi F =BC n AD.

Ta c6 BC 1a duong ddi cuc cua diém D d6i v6i @. Suy ra diém D thudc thudc dudng
ddi cuc cua diém E va AD la duong ddi cuc cua diém E. Suy ra B, C, E, F 1a hang
diém diéu hoa = A(EFCB) =—1.

Xét phép ddi ximg qua duong phén giac goc BAC, khi d6 chum diéu hoa A(EFCB)

cing co anh la mot chum diéu hoa. Qua phép ddi xtmg trén thi AE bién thanh duong
thang song song véi BC, AF bién thinh AM (M €BC), AC — AB,AB — AC. suy

ra A(oMBC)=-1=M 1a trung diém BC.

Loi gidi 4: (Sir dung hang diém diém déu hoa) 7

Goi M la giao diém cua OD va BC, H, K 1a giao diém cua @ véi OD (H xen gitta M
va D). Ta c6 OA’=0H?=0B?’=0M.OD = (K,H,M,D)=-1
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= A(K,H,M,D)=-1. Ma HA L KA= HA KA lan luot la phan giic trong va ngoai

goc DAM = AD va AM ddi xtng nhau qua phan giac goc BAC.

Hay phat biéu cach khac Duong doi trung xudt phat tir mgt dinh ciia tam gidc di
qua giao diém ciia hai tiép tuyén véi dwong tron ngogi tiép ciia tam gidc tai hai
dinh kia.

Chung ta coi duong ddi trung ctia tam giac nhu mot tinh chat da biét dé van dung
giai todn.
Van dung:
Bai toan 1: [IMO Shortlist 2003]. Ba diém A, B, C ¢6 dinh trén mt dudng thing
theo thtr tu d6. Goi I' 1a mot duong tron di qua A, C va c6 tam khong nam trén AC.
Goi P 1a giao diém cua cac tiép tuyén cta I tai A va C. Gia st I cat doan PB tai Q.

Chtng minh rang giao diém cua phan giac AQC va duong thing AC khong phu
thudc vao cach chon T
Nhdn xét: V& hinh, ta thay xuét hién tinh chat 2.4.
Loi gidi:
Theo 2.1 va 2.4 taco
BA AQ* RA AQ
BC CQ2'RC QC

Suy ra
BA B RA?
BC RC?
Do do R ¢6 dinh.(dpcm)

Bai toan 2: [Poland 2000]. Cho tam giac ABC can tai C, P 1a mot diém ndm bén
trong tam giac ABC sao cho PAB=PBC. Goi M la trung diém AB. Ching minh
rang: APM + BPC =180". o

Nhdn xét: Tu gia thiét P 1a mgt diém nam bén trong tam gidc ABC sao cho

PAB = PBC suy ra BC 14 tiép tuyén tai B ctia duong tron ngoai tiép tam giac PAB.
Ma tam giac ABC can, ching minh dugc AC ciing la tiép tuyén. Dung chia khoa 2.4
dé giai bai toan.

Loi giai:
C
P
A
Y
o

Vé du’orng tron (O) ngoai tiép tam giac ABP.

Tu gia thiét ta c6 CB va AC 1a cac tiép tuyén cua dudng tron (O).
CP d6i xtimg PM qua phan giac goc APB.

Kéo dai CP cit AB tai I, khi d6 BPI = MPA
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Ma PBM + APC = I[PA + APC= 180,
Suy ra CPB + APM= 360" (BPM + APC)=180°  (dpcm).
Bai toan 3: [VMO TST 2001].

Trong mat phang cho hai dudng tron cit nhau tai hai diém A, B. Goi PT la mot
tiép tuyén chung cua hai duong tron do (P, T la tiép diém). Cac tlep tuyen tai P, T
ctia duong tron ngoai tiép tam giac APT cat nhau tai S. Goi H 14 diém d6i xtmg cta B
qua PT. Chimg minh A, S, H thang hang.

Nhdn xét: V& hinh, cho hoc sinh tu dua va hinh v& tim bai todn chia khoa vdi duong

tron ngoai tiép tam giac APT, sau d6 giai bai toan.

Léi gidi: Ta c6 BPT = PAB,BTP = BAT = PBT + PAT = 180°

Suy ra PHT + PAT=180° = Tu giac APHT noéi tiép dugc.

Khi d6 TAH = TPH = BPT = PARB, do d6 PH d6i xung vo1 AB qua phan giac cia

PAT. Gia st AB cét PT tai I, suy ra I 1a trung diém PT. Suy ra AS dbi xtmg v6i Al

qua duong phan giac goc PAT. Vay A, H, S thiang hang.

Bai tap ap dung

1. [USA TST 2007]. Cho tam giac ABC ndi tiép duong tron . Céc tiép tuyén cua
o tai B, C cit nhau tai T. S 1a mot diém nam trén tia BC sao cho AS 1 AT. Céac
diém By, C; nam trén tia ST (voi C; nam gilta By va S) sao cho BT =BT =CT.
Chtng minh rang Tam gidc ABC dong dang véi tam giac AB;Cy.

2. [USA 2008]. Cho tam giac ABC nhon, khong can. Goi M, N, P lan luot 1a trung
diém BC, CA, AB twong Ung. Trung tryc cua AB, AC cat tia AM tai D, E tuong
ung, goi F 1a giao dlem ciia BD va CE, F nam trong tam gidc ABC. Chting minh
rang A, N, F, P ciing nam trén mot dudng tron.

3. [Kvah 2031].

Cac duong thiang di qua céc
duong trung tuyén tng voi cac
dinh A, B, C cua tam giac ABC
cat du:ong tron ngoai tlep w tai
cac diém thir hai A ,,C,, tuong
tmg. Cac dudng thiang di qua cac
dinh A, B, C cua tam giac ABC
song song voi cac canh dbi dien
cit @ lan tht hai tas A,B,,C

Chumg minh ring AA,BB,,C, C




ddng qui tai mot diém.

I1.  Phép vi tu quay.
Khi siv dung phép vi tw quay, c6 mot tinh chit dwoc dung rit nhiéu trong cdc bai
todn:
Chia khéa 2- Bo dé 2:
Cho hai doan thang AC, BD cit
nhau tai X. Puong tron ngoai tiép
cac tam giac ABX, CDX cit
nhau 1an nita tai diém O. Khi d6
O la tdm cua phép cua phép vi tu
quay bién AB thanh CD.
Loi gidi:
Ta c6 OBD =0OAC, OCA=0DB
= AOAC ~ AOBD = dpcm

Véan dung:
Bai toan 4: (Diém Miquel ciia tir gidc). Cho ABCD 1a mot tr giac. AB va CD cat
nhau tai K, va DA, CB gip nhau tai L. Chtirng minh rang cac dudng tron ngoai tiép
cac tam giac ADK, ABL, BCK, CDL cung di qua mot diém M

Nhén xét: V& hinh, cho hoc sinh nhan thay co thé sir dung chia khoa 2 hai lan.

Loi gidi:

Goi M 1a giao diém cia hai duong tron
ngoai tiép hai tam giac ABL va DCL. Khi
d6 M 1a tAm caa phép vi tu quay quay bién e
A thanh D va B thanh C. 4 R
M ciing 1a tdm caa phép vi tu quay bién A y
thanh B va D thanh C. Theo cach xac dinh

tam ctia phép vi tu quay thi M 1a giao diém ;"

thir hai cta hai duong tron ngoai tiép cac
tam giac BCK va ADK.
Vay 4 duong tron trén di qua M.

N
N
K oo -

Bai_toan 5: (TST My 2007) Hai duong R N L

I
N [
NN L .

tron (O) va (O,) cit nhau tai P va Q. AC, T
BD tuong tmg la nhimg day cung cua (O,) va (O2) sao cho doan thang AB va tia CD
cat nhau tai P. Tia BD cit doan AC tai X. Piém Y nam trén (O, ) sao cho PY song song
v6i BD. Piém Z nam trén (O,) sao cho PZ//AC. Ching minh rang cac diém Q, X, Y, Z
cling nam trén mot duong thang.

Nhin xét: Sir dung chia khoa 2, cho ta cong cu khai thac tinh chét hai duong
tron cit nhau. Mot ddu hiéu co ban 1a xuét hién cac diém “cung tinh chat” trén hai
hinh.

Giai
Goi XQ cit (Oy) tai Y’; cat (Oy) tai Z’, Q 1 tam ctia phép vi tw quay bién D thanh
C; B thanh A. Do do6 Q ciing 1a tam cta phep vi tu quay blen D thanh B; C thanh A.
Theo cach xéac dinh tam ctia phép vi ty quay nay thi Q nam trén dudng tron ngoai tiép
tam gidc XDC.



X, D, Q, C cung nim trén duong tron nén DXQ = DCQ =PY'Q. Suy ra DX//PY".
Vay Y'=Y.

DPZ'=DQX =DCX .Suyra PZ’/IAC. Vay Z2'=Z.

Viy cac diém Q, X, Y, Z cung nam trén mot duong thang.

Bai toan 6: (HSG My 2006) Cho tir giac 16i ABCD, goi E, F lan luot 1a cac diém

trén canh AD, BC sao cho % = % Tia FE cat tia BA va tia CD tai S va T. Chiing

minh rang dudng tron ngoai tiép cac tam giac SAE, SBF, TCF, TDE cung di qua mot
diém chung.

Nhin xét: Cac diém E, F 13 cac diém c6 “cung tinh chat trén cac doan AD va
BC”; qua phép dong dang s& bién mot diém c6 tinh chat nay thanh mot diém ciing c6
tinh chat d6 trén anh cta nd. Goi O 14 giao diém cta dudng tron ngoai tiép hai tam
giac SAE va SBF. Ta chung minh dudng tron ngoai tiép cac tam giac TCF, TDE
cung di qua O. Bé ¥ rang O 1a tAm ctia phép vi tw quay bién A thanh B va E thanh F.

Loi gidi: , ’
Goi O la tam cua phép vi tu quay f bien B thanh A va F thanh E. Qua f bicn tia BE
thanh tia AF, ma i = C_—E nén qua f bién C :
AF BE
thanh D.

Theo cach xac dinh tam ctia phép vi tu quay bién F
thanh E; C thanh D thi O 1a giao diém tht hai cua
hai duong tron ngoai tiép hai tam giac TFC va TED.
Viy bén duong tron ngoai tiép cac tam giac SAE,
SBF, TCF, TDE cung di qua mdt diém chung O.
(dpcm)

Y twong nay ciing dwoc dp dung twong tw ]
trong bai TST Viét Nam 2013, trong do dir ki¢n hai ty so
bang nhau dwoc thay bang dwong phdn gidac

“Cho tir gidc ABCD c6 cac canh ddi khong song song noi

tiép duong tron (O; R). Goi E 14 giao diém hai duong chéo o c




va duong phan giac goc AEB cé:[ cac duong thang AB, BC, CD, DA lan luot tai cac
diém M, N, P, Q. Chimg minh rang cac duong tron (AQM), (BMN), (CNP), (DPQ)
cung di qua mot diém”

MA EA ED PD

MB EB EC PC

Theo tinh chat dudng phéan g.i4c thi

(do EA.EC = EB.ED)

Bai toan 7: [China 1992]Cho tir giac 16i ABCD ndi tiép duong tron tim O. Pudng
chéo AC cit BD tai P. Buong tron ngoai tiép cc tam giac ABP va CDP cét nhau tai P
va Q phan biét khac O. Chung minh OQP =90°.

Nhan xét: Cho hoc sinh nhén ra chia khoéa 2: Bé ¥ thay Q chinh 14 tAim cua
phép vi tu quay bién A thanh C va B thanh D va do d6 ciing 14 tim cta phép vi tu
quay f bién A thanh B va C thanh D.

Yéu cau can chting minh twong duong véi viéc
chirng minh 4 diém Q, P, M, N nam trén mot
duong tron (M, N 1an luot 1a trung diém AC, BD)
Loi gidi:

Xét phép vi tu quay f bién AC thanh BD do d6
bién trung diém cioa AC 1a M thanh trung diém
cua BD la N.

Theo dinh nghia phép vi tg quay suy ra
(QM ,QN ) = (QA, QB)

Ma (QA,QB): (PA,PB) (do A, P, Q, B cung
nam trén dudng tron)

Suy ra (QM,QN)=(PA,QB).

Do d6 bon diém P, M, Q, N cung nam trén duong
tron. Ma ta lai c6 O, P, M, N cung nam trén
duong tron duong kinh OP nén OQP =90°
(dpcm). 2

Bai toan 8: [IMO Shortlist 2006]Trén cac canh BC, \

CA, AB cua tam gié’c ABC lay cac diém A, B, C;.

Duong tron ngoai ti€p cac tam giéc AB;C,, BC/A; va //) >
[

BC:A; cat duong tron ngoai tiép tam gidc ABC tai
diém thtr hai Ay, By, Cy. Goi As, Bs, Cs 1an luot 14 céc
diém dbi xtmg v&i A, By, C; qua trung diém cta BC,
CA, AB. Chung minh rang cic tam giac A,B,C, va
AsB;C; déng dang. °
Nhan xét: Yéu cau hoc sinh tim bai toan chia khoa: ta co cac phép vi tuy quay nao?
Liét ké? Ta can chung minh diéu gi? Tir d6 tim 10i giai.
Loi gidi:
Theo tinh chat d6i xtmg ta c6 BA = CA,; AC, = BC,; AB, =CB,
C, la tAm cua phép vi tuy quay bién A; thanh B, va B thanh A nén tam giac C,A,B
dé)ng dang véi tam giac C,B;A.
C,A _BA _CA
C,B, AB, CB,

Suy ra
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Suy ra tam gidc CA,B, dong dang véi tam gidc C,AB,.
C, 1a tm cua phép vi ty quay bién A; thanh B va By thanh A. Do do, tam gidc C,BA
dong dang voi tam gidc C,A;B; vi vy n6 dong dang véi tam gidac CAB,.

Suy ra CA,B,=C,BA.

Tuong tu BA,C, =B,CA

Suy ra B,AC, =180° - BAC, - CAB,
=180°-B,CA-C,BA=B,AC,

Tuong ty B,C,A, =B,C,A, .
Suy ra A,B,C, va A3B3Cs déng dang. (dpcm)

Két hop chia khéa 2 va mé hinh hai tam gidc
dong dang ciing mét dinh, ta cé cong cu chirng minh 3 dwong thing dong quy, va
chirng minh 4 diém nam trén mot duwong tron.
Bai toan 9: (HSG Nam Tw 1983) Trén day cung AB ciia duong tron ngoai tiép hinh
chit nhat ABCD nguoi ta lay diém M khac A va B. Goi P, Q, R, S lan luot 1a hinh
chiéu ciia M trén cac duong thang AD, AB, BC va CD. Chting minh rang duong thang
PQ va RS vudng goc véi nhau va giao diém cta ching nam trén mot trong hai duong
chéo cua hinh chir nhat.
Loi gidi:
Khong mat tong quat gia sit M nam trén cung nho AB.
- Chimg minh dugc tam giac MBQ ddng dang tam giac SPD.
BQ MQ MB K
PD SD SP
Xét pheép vi ty quay f =V, ,°

Suyra

i sy DiEn diem P, S, D lan lugt thanh Q, R, B.

Theo tinh chat cua tam vi tu quay thi PQ, SR, DB dong quy tai diém N 13 giao diém
thtr hai ctia ha duong tron (MQBR) va (MPDS) (dpcm).

Bai tap ap dung
1. Cho tir gide ABCD, dudng chéo AC va BD cét nhau tai P. Goi Oy, O, la tim
cac dudng tron ngoai tiép cac tam giac APD, BPC tuong tmg. Goi M, N, O la
trung diém AC, BD, 0,0,. Chimg minh rang O 1a tim dudng tron ngoai tiép
tam gidc MPN.
2. [USAMO 2006]. Cho tir giac ABCD, lay cac diém E, F thudc cac canh cac

canh AD, BC tuong rng sao cho % = % Tia FE cit cac tia BA, CD tai S, T

tuong Ung. Ching minh rang cac duong tron ngoai tiép cac tam giac SAE,
SBF, TCF, TDE cung di qua mét diém chung.

3. [IMO 2005]. Cho tir giac 16i ABCD c¢6 BC =AD,BC = AD.Goi E, F thudc
canh BC, AD tuong tng, sao cho BE = DF. Goi P 1a giao dlém ACvaBD, Q
1a giao diém BD va EF, R 1a giao dlem cua EF va AC. X¢ét tat ca cac tam giac
PQR khi E, F thay d6i. Chirng minh rang dudng tron ngoai tiép cia tat ca cac
tam gidc docé mot diém chung khéac P.

4. [IMO Shortlist 2002]. Cac dudng tron Sy, S, cit nhau tai P va Q. Céac diém Ay,
B; (khac P, Q) nam trén S;. AP, B,P cit S, tai A,, B, tuong tmg. A;B; cit
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A,B; tai C. Chimg minh khi A;, B, thay doi thi tim dudng tron ngoai tiép tam
giac A;A,C ludén nam trén mot duong tron cb dinh.

5. [USA TST 2006]. Cho tam giac ABC nhon, cac duong cao AD, BE, CD, truc
tam 1a H. Mot duong tron o tam O, di qua A va H cat AB, AC tai Q va P
(khac A), tuong tng. Biét rang dudng tron ngoai tiép tam giac OPQ tiép xtic

BC tai R. Chimg minh rang CR_ E
BR FD

I1l. Trung diém day cung cia duwdng tron minxtilinear.

Duorng tron minxtilinear ndi tiép (hay bang tiép) 1a du’orng tro tiép xtic v6i hai canh
tam giac va tlep xUc trong ( ngoal) voi duong tron ngoai t1ep tam giac d6. Puong
tron nay c6 rat nhiéu tinh chat thu vi, nhung trong chuyén dé nay toi chi xét mot tinh
chat quan trong:

Chia khéa 3 — Bo dé 3: (Bo dé Sawayama) Cho tam giac ABC, I 1a tam duong tron
ndi tiép. Goi @ 1a duong tron tiép xuc voi cac canh AB, AC tai X, Y, tuong ung va
tiép xuc trong véi duong tron ngoai tiép tam giac ABC. Khi do I la trung diém XY.
Loi gidgi: Goi T 1a diém tiép xtc clia @ v6i duong tron ngoai tiép tam giac ABC.

Goi P, Q 1a giao djém thr hai cua TX, TY véi duong tron (ABC), tuong ung.
Suy ra P, Q 1a trung diém cung AB, AC tuong tmg. 7 ‘
Ap dung dinh 1i Pascal’s cho luc giac BACPTQ suy ra X, I, Y thang hang. Tur [ ndm
trén duong phan giac cia goc XAY va AX = AY suy ra I 1a trung diém cia XY,

Bai tdp dap dung

1. [IMO 1978]. Cho tam giac ABC can tai A. Mot duong tron tiép xic trong voi
(ABC) va tiép xtic v6i cac canh AB, AC tai P, Q twong tmg. Chting minh rang
trung diém PQ 1a tam dudng tron noi tiép tam giac ABC.

2. Cho tam giac ABC. Mot dudng tron @ tiép xuc trong v6i dudng tron (ABC)
va tiép xtic v6i AB, AC. Goi P 1a diém tiép xtc ciia @ véi (ABC). I 1a tAm
duong tron noi tiép tam giac ABC. PI cit (ABC) tai P, Q. Chiing minh rang
BQ=CQ.

Chia khoa 4 - Bo dé 4: (Mé rong cua b6 dé 3 trwéc). Cho tam giac ABC, tam
duong tron ndi tiép I; D 1a mot diém thudc canh BC. X¢ét mot duong tron @ tiép xuc
trong voi dudng tron ngoai tiép (ABC) va tiép xuc v6i DC, DA tai E, F, twong tng.
Khi @6 E, L, F thang hang.
Loi gidgi: (Chii y bo dé nay co tén 1a dinh 1i Lyness).
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Cach 1: Gia sir @ tiép xuc Vgﬁri (ABC) tai K va tiép xUc Y('ri doan DC, DA tai E, F
tuong tmg.Goi M la trung di€ém cung BC khong chira diém K. Thi K, M, E thang
hang, cling c6 A, I, M thang hang va MB =MC. Duong thang EI cat dudng tron @
tai F’, ta s& chung t6 rang AF’ 1 tiép tuyén cia w, khi d6 F=F"' va ta s& c6 diéu
phai chu:ng minh.

Véi chi y rang goc KF'E chin cung KE cta dudong tron @ va KAM chin cung
KM cua duong tron (ABC). Tu KE va KM vi tu v6i nhau qua phép vi tu tam K,
ching ta dugc KF'E = KAM = A K,I,F' cung nam trén mot duong tron.

Ta c6 MC? = ME.MK,

ma
MC = Ml = MI? = ME.MK = AMEI ~ AMIK = KEI = AIK =AFK (A K,I,F'
nam trén mot dudng tron). Suy ra AF’ 13 tiép tuyén cta duong tron @ = dpem.

Cach 2: Gia str @ tiép xuc v6i (ABC) tai T suy ra TE di qua trung diém P ciia cung
BC khong chtra T cua (ABC).

Goi I; 1a giao diém ctia AP va EF. V& tiép tuyén chung Tx v6i @ va (ABC). Ta co
TFl, =ETx=PTx=1 AT = AFIT ndi tiép=ALT =AFT =TEF =PI, 1a tiép
tuyén cia dwong tron (TEIL)= PI’=PE.PT=PB’=PC? (Do APCE ~APTC)
= |, 1a tdm duong tron ndi tiép tam gidc ABC = | . =1 (dpcm).

C A
T
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Cach 3: Chirng minh:

V& tia phan gidc ctia BDC cit EF tai I; goi M,N la giao diém ctua DF,DE véi
duong tron O . Tacd O'FD =OMD =ODM nén O'F / /OM ma

O'F 1 AC = OM L AC = M la diém chinh giira cia cung AC, do d6

FDC = %ABC (1). Tam giac AEF cantai A( Do AE,AF la céc tiép tuyén cua (0"))

180" — 4 BDC 180" — A

nén £, =F, = — > mat khac IDC = IDB = (Tinh chat goc ndi

tiép cla tir gi\c ABDC) nén IDB = IDC = E =F .Ma EDF =F, [: %sdEF]

= IDC = EDF = IDE = FDC (2). Vi E, = IDB nén IEDB la t&t gi4c noi tiép
= IDE = IBE (3). Tu(1),(2)va(3)tacod IBE = %ABC , do d6 IB la tia phéan giac
cua ABC. Do

IDC = IDB ma IDE = FDC nén BDE = IDF . Tt gidc IFCD ndi tiép (vi F = IDC).

= IDF = ICF = ICF = BDE (4). Mt khic, do N 1a diém chinh giita ciia AB
(chtrng minh tuong tu & trén)= BDE = %A CB (5). Tu(4)va(5)suyra

ICF = %A CB, do d6 IC 14 tia phan gidc cia ACB. Vay I 1a tam dudng tron noi tiép
tam giac ABC (dpcm)
Cach 4:




V& tia phan gidc clia ABC cat EF tai I, ta chimg minh IC 1a tia phan gidc cua
ACB. V& tiép tuyén chung Dz ciia O va O'. Tuong tu nhu cch trén, goi M 1a

giao diém cua DF voi O thi M 1a diém chinh giita cia AC, do d6 B,I,M thang

hang.
J4 A 4 7 A M /( 1800 - A
Ta ¢0 IED = IBD =«DM nén tr giac IEDB nQ1 ti€p = IDB=E = — ma
0 J4 1800 - A /4 7 A 4
BDC =180" — A, do do6 IDC = — = F =t giac IDCF ndi ti€p = ICF = IDF .
180° — A _ABC _ACB ACB

Ta lai ¢c6 IDF = IDC — FDC = = ICF == do d6 IC la

2
tia phan giac cia ACB (dpcm).

Bai toan 10:( Pinh 1y Lyness mé rong) Cho tam gidc ABC ndi tiép dudng tron O
M 13 mot diém bét ky trén canh AC . Puong tron 0' tiép xtc v6i dudng tron O
tai D va tiép xtc véi MB,MC lan lugt & E,F. Chung minh ré“mg tam dudng tron ndi
tiép tam gidc ABC nam trén EF .

Nhéan xét:

Cit hinh cho hoc sinh phat hién bo dé 3. C6 Cho AB 1a diy cta duong tron O .
Puong tron 0' tiép xGic v6i O tai T va tiép xtic v6i AB tai K . Chung minh rang
TK di qua diém chinh gita cua cung AB va MA® = MK.MT (véi M 1a diém chinh

gilta cua AB).

Bay gio ta ching minh MA®> = MK.MT .

That vay, ta c6 MTA = MBA = MAK = AMKA ~ AMAT (g.9)
:@:M_A:MA2 = MK.MT.

MA MT
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Lai ¢é: tam gidc ABC ndi tiép noi tiép duong tron O va M 1a diém chinh gifta cta

AB khong chita ¢ . Trén MC lay I sao cho MI = MB. Chung minh rang 7 13 tim
duong tron ndi tiep tam giac ABC.

BWA
M
That vay, goi I' 1a tim dudng tron ndi tiép tam giac ABC thi I' 13 giao diém cua

duong phan gidc trong g0c B Vo1 MC. Ta co

I'BM =I1'BA+ ABM =1'BC + BCM = BI'Msuy ra tam giac MBI can tai M
hay MI' = MB.
Do @6 MI = MI' hay I =1'.Vay I 1a tdm dudng tron ndi tiép tam giac ABC .

Loi gidi:

Goi N giao diém cia DF v6i O thi N 1a diém chinh giita cia AC va
NC* = NF.ND (theo b6 dé 1). Goi Dz 1a tiép tuyén chung cia O va O' tai D,I la
giao diém cta BN va EF. Ta c6 IED = IBD =zDN nén ti gidc IEBD la ti gidc

noi tiép = DIB = DEB. Ma DEB = DFI nén DIB = DFI, do d6 NID = NFI (cung
ke bu véi hai goc bang nhau). T d6 chirng minh duwoc ANFI ~ ANID (g.9)

:%:%;&M? — NF.ND = NC* = NI = NC'. Theo bd dé 2, ta ¢c6 I 1a tim
duodng tron ndi tiép tam giac ABC (dpcm).

x

Bai toan 11: (Mot hé qua cia dinh ly Lyness mé rgng)
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Cho dudng tron O hai diém A va B nam trén dudng tron diém C nam trong
duong tron O . Pudng tron O' tiép xuc trong véi O tai R va tiép xuc v6i CA,CB
theo thtr ty & P,Q. Goi I 1a tAm duong tron ndi tiép tam gidc ABC. Chung minh
rang I nam trén duodng tron ngoai tiép tam gidc APR.

Nhan xét: V€ hinh, cho hoc sinh phat hién bo dé 4 dé suy ra B, I, K théng hang, voi
D 1a giao diém cua BC vo1 O , K la tdm duong tron ndi ti€p cia tam giac ADB.

Loi gidi:

Goi D la giao diém ciia BC v6i O, K la tam duong tron ndi tiép cua tam giac
ADB. Ta ¢6 B,I,K thang hang vd K nim trén PQ (theo b6 dé 4 Sawayama). D&
thay 4, P,K,R cung nam trén mot duong tron. Do I la tdim dudng tron ndi tiép tam

giac ABC nén AIB =90 + AQQ : Ta lai co

180" — ACB ACB

APK = 180" — CPK = 180" — =90" +
Do d6 AIB = APK nén A P K,I cung nam trén mot duong tron (2)

T« (1) va (2) suy ra APRK,I cung trén mot duong tron.
Vay I thudc dudng tron ngoai tiép tam gidc APR.

Bai tap ap dung

1. [Bulgaria 2005]. Cho hai dudng tron k Kk, tiép xic ngoai nhau tai T. Mot
duong théng tiép xuc kj tai X cat k; tai A va B. Goi S 1a giao diém th hai cua
K, voi duong thang XT. Trén cung TS khong chia A, B 1dy mot diém C. Ké
tiép tuyén CY voi ko (Y €k,) sao cho doan CY khong cit doan ST. Goi I 1a
giao diém cua XY va SC. Ching minh ring :

a) C,T,Y,Icung nam trén mot duong tron.

b) 114 tdm dudng tron bang tiép tam giac ABC twong tmg voi canh BC.

2. Cho P 1a mot tir giac noi tiép duong tron @. Goi Q 1a tr gidc ¢6 bdn dinh, mdi
dinh 13 tdm cta duong tron tiép xuc trong véi ® va hai duong chéo cua P.
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Chtng minh céc tdm dudng tron ndi tiép cia bdn tam gidc c¢d cac canh va
duong chéo cua P tao thanh mot hinh chit nhat noi tiép trong Q.

3. [Romania 1997]. Cho tam giac ABC ndi tiép dudng tron @, D 1a mot diém
nam trén canh BC. Chimg minh rang dudng tron tiép xtc véi @, AD va BD, va
duong tron tiép xGc v6i @ AD va DC tiép xtic v6i nhau khi va chi khi
BAD =CAD.

4. [Romania TST 2006]. Cho tam gidc ABC, AB = AC, ndi tiép duong tron o,
duong cao AD. Goi @, la duong tron tiép xtic véi DA, DB va w. Goi , 1a
duong tron tiép xtc voi DA, DC va . Goi | 1a tiép tuyén chung trong khéc
CD cta @, va ®,. Chung minh | di qua trung diém BC khi va chi khi
2BC = AB + AC.

5. [AMM 10368]. Véi mdi diém O nim trén duong kinh AB cua dudng tron.
Puong thang vudng goc véi AB tai O cat duong tron tai P. Bu’O’ng tron o, tiép

xuc v61 duong tron trén va vor OP, AO. Duong tron w, tiép xtic v4i dudng
tron trén va v6i OP, BO. Goi R, S 1a diém tiép xiic cia @,, , trén AB. Chimg
minh rang s6 do goc RPS khong phy thudc vao vi tri dlem 0.
B. CAC BO PE HQC SINH TU LUYEN
I. Du«rng kinh cua du’O'ng tron noi tlep

Bé dé 1: Buong tron noi tiép tam giac ABC tiép xuc voi BC tai D; DE 1a duong kinh.
Goi F 1a giao diém ctia AE va BC. Chitng minh rang BD =CF.

Loi giai : Xét phép vi tu tim A bién duong tron @ ndi tiép tam gidc ABC thanh
duong tron @, bang tiép goc A cua tam giac ABC. Qua phép vi tur nay DE bién thanh
duong kinh cua @, va vuong goc voi BC. Suy ra E bién thanh diém tiép xuc cua o,
v6i BC va E bién thanh F. Tur d6 dé dang c6 BD =CF.

Bai tap ap dung:

1. [IMO Shortlist 2005]. Cho tam giac ABC thoa man AB + BC =3AC, duong
tron noi tiép tam gidc ABC véi la tam 1, tiép xuc voi AB, BC tai D, E tuong
tmg. Goi K, L 14 diém dbi xtmg cta D, E twong tmg qua I. Chimg minh ACKL
1a tr gidc noi tiép.

2. [IMO 1992]. Trong mat phang cho mét duong tron (C) va mét duong thang |
tiép xuc voi (€). M la mét diém nam trén |. Tim qui tich tit ca cac diém P sao
cho ton tai hai diém Q, R trén | sao cho M 14 trung diém QR va (C) 1a duong
tron ndi tiép tam giac PQR.

3. [USAMO 1999]. Cho hinh thang cin ABCD (AB // CD). Pudng tron ndi tiép
@ cua tam giac BCD tiép xtc v6i CD tai E. Goi F 1a mot diém nam trén phan
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giac trong cia DAC sao cho EF L CD. Puodng tron ngoai tiép tam giac ACF
cat CD tai C va G. Chiing minh rang tam giac AFG cén.

4. [USAMO 2001]. Cho tam giac ABC va dudng tron @ ndi tiép no, tiép xuc voi
BC, AC tai D,, E; tuong ung. Goi D,, E; 1a céc diém nam trén céac canh BC,
AC tuong ting sao cho CD, = BD,, CE, = AE,.Goi P 1a giao diém ciia AD, va
BE,. Poan AD; cit o tai hai diém, trong d6 goi Q 13 diém gan A hon. Chimg
minh AQ = D,P.

5. [Tournament of Towns 2003 Fall]. Cho tam giac ABC vai tryc tam 1a H, tam
dudng tron ndi tiép I, tim dudng tron ngoai tiép O. Pudng tron ndi tiép (I) tiép
xtc voi BC tai K. Gid st [O // BC. Chirng minh AO // HK.

6. [II\/IO 2008]. Cho tir giac 16i ABCD ( AB = CD) Goi w,,w, 1a dudng tron noi
tlep tam giac ABC, ADC tuong tmg. Gia sur rang ton tal mmot duong tron @
tiép xuc voi tia BA kéo dai vé phia A va tia BC keo dai vé phia C va cting tiép
xtc v6i AD, CD. Ching minh rang giao diém cac tiép tuyén chung ngoai cua
w,,, nam trén o.

I1. Trung diém cung cich déu cac dinh va tim dwong tron ndi tiép, bang tiép

Bé d@é 2: Cho tam giac ABC, I 1a tim dudng tron ndi tiép, 1,1, 1. 1a tim dudng tron
bang tiép tuong tng véi cac goc A, B, C cua tam gidc ABC. Goi M 1a trung dlem

cung BC khong chira A, N 13 trung diém cung BC chira A cta dudng tron ngoai tiép
tam giac ABC, khi do6 ta c6: MB=MC =MI =MI, va NB=NC =NI_ =NI_

Loi gigi: (Pay 1a bé dé Masion chting minh chi c?m‘ st dung tinh goc tru’c tiép dé
dugc cac tam giac can tur do suy ra cac doan thang bang nhau. Hon nita duong tron
ngoai tiép tam giac ABC la duong tron chin diém cua tam giac 1,11\
Bai tap ap dung:
1. [APMO 2007]. Cho tam gidc ABC mhon, BAC =60°, AB> AC. Goi I, H 1a
tam dudng tron nodi tiép, tryc tdm tam giac ABC. Chting minh rang
2AHI =3ABC.
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2. [IMO 2006]. Cho tam gidc ABC, tdm dudng tron ndi tiép 1a I. P 1a mot diém
nam trong tam giac ABC sao cho PBA+PCA=PBC + PCB. Chung minh rang
AP > Al. Pang thiic xay ra khi nao? , , 7

3. Trén hai cung AB, BC cua duong tron ngoai tiep tam giac ABC lay cac diém
K, L tuwong ung sao cho KL// AC. Chitng minh rang cac tdm duong tron ndi
tiép tam giac ABK, CKL cach déu trung diém cung ABC.

4. [Romanian TST 1996]. Cho tu gidc ndi tiép ABCD. Goi M 1a tap hop gbm 16
diém 13 tim duong tron noi tiép va cac tam duong tron bang tiép cua tam giac
BCD, CDA, DAB, ABC. Ching minh ton tai hai tap hop K va L mdi tap hop
gom 4 duong thang song song sao cho KU L c6 chtra chinh x4c 4 diém cua
M.

I11. Cac duong thing ddng qui tir dwdong tron ndi tiép.

Bé dé 3: buong tron (I) ndi giép tam giac ABC tiép xuc V(’fi BC, CA, ABtai D, E, F
tuong ung. Goi M 1a trung di€ém BC. Khi d6 EF, DI, AM dong qui.
Loi gidi:

B D M c
Puong thang DI va EF cit nhau tai N. Qua N ke duong tpéng song song voi BC cat
AB, AC tai P, Q tuong ung. D¢ ching t6 rang A, N, M thang hang, ta s€ ching minh
N Ia trung diém PQ.
Cach 1: (St dyng duong thang Simson).
Xet tam giac APQ. Hinh chiéu ctia diém I trén céc canh cua tam giac APQ F, N, E
thang hang suy ra I nam trén dudng tron ngoai tiép tam gidc APQ (theo dinh li
Sinon). Ma Al 1a phan giac PAQ suy ra Pl =1Q do d6 PN =NQ =M € AN.
Cich 2: (Sir dung tam giac dong dang).
Chu ¥ rang P, N, I, F cing nam trén mot duong tron, do d6 EFI =QPI. Tuong tu
PQI =FEl. Suy ra tam giac IFE ddéng dang voi tam giac IPQ, tir d6 ta duogc

=1Q =N Ia trung diém PQ.

Bai tap ap dung w
1.[China 1999]. Cho tam giac ABC, AB = AC, DIla trung diém canh BC, E 1a mét
diém thugc doan AD. Ké EF L BC, Fe BC. Goi P 1a mot diém thuoc doan EF. Ké
PM L AB, PN L AC, M € AB,N € AC. Chiing minh rang M, E, N thang hang khi va
chi khi BAP = PAC.

2.[IMO Shortlist 2005]. Trung tuyén AM ctia tam giac ABC cat duong tron noi tlep
o cia tam giac ABC tai K, L. Qua K, L ké cac duong thang song song v6i BC cit @
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tai X, Y tuong tmg. CAc duong thiang A, AY cit BC tai P, Q twong tmg. Chimg minh
rang BP =CQ.

IV. Cac duwong tron xung quanh dmmg tron noi tlép

Bo dé 4: Puong tron (I) nodi tiép tam gidc ABC tiép xtic véi CB, CA, ABtai D, E, F
tuong tmg. T 1a giao d1em cua CI va EF. Khi d6 T, I, D, B, F cung nam trén mot
duong tron. Pong thoi T ndm trén duong thang ndi trung diém AB va BC.

Loi gidgi: Xét trudong hop trudong hop T ndm trong doan EF (trudng hop T ndm ngoai
doan EF chuing minh tuong tu).

Ta c6 BIC=BFE (=90°+ A/2), suy ra
bbén diém I, T, F, B ciing nam trén mmot
duong tron. Suy ra
BTC =BTl =BFI =90° do d6 cac diém
T, I, D, B, F cung ndm trén mmot duong
tron. Trong tam giac BTC vuéng tai T va
M la trung diém Bc suy ra TM = MC, do
do MTC =MCT =TCA= MT //AC.
Suy ra MT di qua trung diém AB.

Bai tap ap dung ) ’
1. Puong tron noi ti€p tam giac nhon ABC, tiép xuc vo1 Ac, AB tai E, F tuong
ing. Phéan giac cua gobc ABC va ACB cat EF tai X, Y tuong ng. Goi Z la
trung diém BC. Ching minh rang tam giac XYZ 13 tam giac déu khi va chi khi

BAC =60".

2. [IMO Shortlist 2004]. Cho tam giac ABC Goi X 1a mot diém thay 601 nam trén
duong thang BC sao cho C nam gitta B va X va duodng tron ndi tiép tam giac
ABX va ACX cit nhau tai hai diém P va Q. Chtrng minh rang PQ luén di qua
mot diém cd dinh khong phu thudc vao cach chon diém X.

3. Cho hai diém A, B nim trén dudng tron o va C 1a mot diém nidm trong dudng
tron . Gia s ré‘mg Q 12 mot dudng tron tiép xtic véi @ va voi cac doan CA,
CB. Q tiép xtic voi CA, CB tai P, Q. Ching minh rang dudng tron ngoai tiép
tam gidc APQ di qua tdm dudng tron ndi tiép tam giac ABC.

V. Poi xirng ciia trie tim nam trén dwong tron ndi tiép

Bé dé 5: Goi H 1a truc tAm cua tam giac ABC. X 1a diém dbi xung cua H qua BC, Y
la diém ddi xtmg cua H qua trung diém BC. Khi d6 X, Y déu nam trén duong tron
ngoai tiép tam giac ABC. Ngoai ra AY la dudng kinh cia dudng tron nay.

Loi gidi: (St dung gbc)
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Mé rong: (Puwong tron Euler) ‘ ‘

Cho tam giac ABC ¢6 duong cao AD,BE,CF dong quy tai H. Goi M,N,P lan luot la
trung diém cua BC,CA,AB; S,R,Q lan luot 1a trung diém cta HA HB,HC . Chung
minh réng chin diém D,E,F,M,N,P,S,R,Q cung nam trén mot duong tron.

A
E

Trong tam gidc ABH thi PR la duong trung binh nén PR//AH VvaPR= %AH :

Trong tam giac ACH thi NQ la duong trung binh nén NQ / /AH va NQ = %AH. Do

d6 PR//NQ va PR= NQ@ nén PNQR la hinh binh hanh. Mat khac PR/ /AH ma
AH | BC nén PR | BC, lai ¢c6 PN //BC (PN la duong trung binh cua tam giac
ABC). Suy ra PN 1 PR, do dd6 PNQR la hinh chit nhat. Goi I 1a giao diém cua PQ
va RN thi IP = IN = IR = IQ. Ching minh tuong tu ta c6 IS=IM =IN =1IR. Ta
duoc IP=1IQ=IN=IR=1S=1IM.

Tam gidc FPQ vudng tai F c6 I 1a trung diém cua PQ nén IF = IP = IQ. Tuong tu
IE=IR=IN; ID=IS=IM.Suy ra ID=IE=IF=IM=IN =1IP =1S = IR =IQ.
Vay chin diém D,E,F,M,N,P,S,R,Q cung nam trén duong tron tam 7. Puong tron di
qua chin diém duoc goi la dudng tron Euler ctia tam gidc ABC.

Chi y:

a) Tam duong tron Euler nam trén dudng thang Euler.
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That vay, goi G va O theo thir ti 1a trong tAm va tim dudng tron ngoai tiép tam giac
ABC. Ta ching minh dugc OM = %AH = SH, lai ¢c6 OM / /SH = OMHS 1a hinh
binh hanh. Ma I 1a trung diém ctua SM nén ciing 13 trung diém ctia OH .

Nhu vay bdn diém H,1,0,G thang hang, t 1a tim dudng tron Euler ndm trén dudng
thang Euler.

b) Ban kinh duong tron Euler bang g (voi R 1a ban kinh duong tron ngoai tiép tam

giac ABC'). That vay, ta ¢ IS la duong trung binh cia AAHO nén IS = 02A ];
Bai tap ap dung

1. Cho tam gidac ABC, P 1a mdt diém nam trén duong tron ngoai tiép tam giac.
Chtng minh rang diém dbi xtmg v6i diém P qua cac canh cua tam giac ABC
nam trén mot dudng thiang di qua tryc tAm cta tam giac ABC.

2. [IMO Shortlist 2005]. Cho tam giac ABC nhon, AB = AC, H la tryc tam cua
tam giac, M 1a trung diém canh BC. CAc diém D, E nam trén cac canh AB, AC
tuong ng sao cho AE = AD, va D, H, E thang hang. Chting minh rang HM
vudng goc voi diy cung chung ctia duong tron ngoai tiép tam gidc ABC va tam
giac ADE.

3. [USA TST 2005]. Cho tam giac ABC, nhon, tim dudng tron ngoai tiép O,
truc tim H, v6i 1<i<3, chon P €OA, Q € A ,A,, (chi sb 1y theo mod3) sao
cho OPHQ 1a hinh binh hanh. Chimg minh rang 0 OQ2 OQ3 > 3.

OP OP OP

4. [China TST 2006]. Cho tam giac ABC noi tlep duong tron @ va P 1a mot diém
nam trong tam giac. Cac tia AP, BP, CP cat  tai A,B,C, tuong ung. Goi

A,B,,C, lacac diém dbi xu’ng cua A,B,C, qua trung diém cac canh BC, CA,
AB tuong tng. Chimg minh rang dudng tron ngoai tiép tam giac AB,C, diqua
tryc tdm cua tam giac ABC.

VI. Tam dwong tron ngoai tiép O, trwe tAm H.

Bo dé 10: Cho tam giac ABC, Tam dudng tron ngoai tiép O, truc tim H va tim
duong tron noi tiép I. Khi d6 Al 1a phan giac HAO.
Loi gigi: (Su dung goc).
Bai tap ap dung
1. [Crux]. Cho tam giac ABC nhon, tim dudng tron ngoai tiép O, truc tim H,.
Trung tryc cua AH cat AB, AC tai D, E tuong tmg. Chémg minh ring

DOA=EOA.
2. Chimg minh rang IH =10 khi va chi khi c6 mdt trong ba goc A, B,C, bang
60°.
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4. KET QUA - KET LUAN
a. Két qua:

Qua nam hoc 2019 — 2020, ap dung cho 16p 10 Toan va doi tuyén hoc sinh giéi mén
Toan 16p 10 cta nha truong dudi sy hudng din cua gido vién két hop thao luan trao d6i véi
nhau cua hoc sinh. Két qua, hoc sinh tich cuc tham gia giai bai tap, nhiéu em tién bd, nim
vitng kién thtrc co ban, hoc sinh da hirg tht hon véi cac bai toan hinh hoc phang trong cac
dé thi. Cu thé nhu sau:

Théng ké diém kiém tra khio sat chuyén dé hinh hoc phing:

Bang théng ké két qua danh gia niing lwc hoc sinh khi ap dung SKKN

Truwdc khi ap dung SKKN
Poi | S 0-3,25[35- |[Tong [Ty 18 (50- |65 |80-10 | Tong | Ty Ié
twong | lwgng 475 |cong | % 6,25 | 7,75 cong | %0
Doi
tuyén | 25 7 10 17 68% |5 3 0 8 32%
HSG

Sau khi ap dung SKKN
Péi | S6 0-3,25[35- |Téng [Ty 18 |50- |65 |[80-10|Tong | Ty I¢
tuwong | lwgng 475 |cong | % 6,25 | 7,75 cong | %0
Doi 76%
tuyén | 25 0 6 6 24% |7 7 5 19
HSG

Séang kién kinh nghiém nay duoc ap dung day cho ddi tuyén thi chon HSG cap tinh va cap
Quéc gia trong ndm hoc 2019-2020 dat hiéu qua, hoc sinh da biét cach sir dung bod dé nhu
1a mot cong cy dé giai toan hinh hoc phang. Sang kién kinh nghiém 14 chuyén dé duoc sir

dung trong viéc bdi dudng hoc sinh ning khiéu.

b. Két lugn

Trén day toi da trinh bay cach dung bai toan chia khoa dé giai toan hinh hoc phang, qua
d6 hy vong s& gitip hoc sinh ¢ cach tu duy tim 15i giai bai toan hinh hoc phang tét hon. Véi
lwong kién thic trén con phai bd sung rat nhiéu, tuy nhién thong qua cac vi du da trinh bay
phan nao ciing d4 hinh thanh dugc nhimng ki ning co ban trong viéc gidi toan trong hinh hoc

phang. Do thoi gian va trinh d0 chuyén mon con han ché, bai viét chac chan s€ con nhiéu
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thiéu sét vé ndi dung ciing nhu cach trinh bay, rat mong nhan duoc su dong gop cua cic
thay c6 gido. Toi xin chan thanh cam on.
Lao Cai, thang 03 nam 2020
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