PHUONG PHAP GIAI TICH TRONG MOT SO BAT TOAN
SO HOC VA DAI SO
Bui Ngoc Diép
Trusng Trung hoc phd thong Chuyén Lao Cai

Trong chuong trinh trung hoc phd thong, chiing ta duge bit dau lam quen véi cac kién thiic trong giai
tich tir 16p 11. Day 134 mot chi dé khoé v6i nhitng dinh nghia, dinh 1i tuong ddi triru tugng déi véi cac ban
hoc sinh. S6 hoc, Dai s6 va Gii tich 14 nhiing nganh tudng chiing tach rdi nhau nhung ching lai nhing
mbi quan hé hét lien két hét stc chit ché. Trong chuyén dé nay, ching ta sé xét cac bai toan ma phat
biéu ctia chiing c6 vé 1a dai s6 hozc s6 hoc thuan tiy (hodc ca hai), nhung trong 15i gidi phuong phéap giai
tich déng vai tro c6t yéu. Chuyén dé nay sé gitp hoc sinh nhin thay "sgi day lien két" gitta Dai s6, S6
hoc va Giai tich, dong thdi cling cb, ddo sau nhitng kién thic lién quan.

1. PHUONG PHAP GIAI TICH TRONG MOT SO BAI TOAN
SO HOC

Ching ta sé bat dau véi bai toan vé phuong trinh v6i phan nguyén toan trong dé kiém
tra Doi tuyen ciia tinh Vinh Phic nam 2017.

Bai toan 1. . Phan nguyén cia so thuc x dugc dinh nghia la s6 nguyén lon nhat khong
vugt qud x duge ki hiéu la [z]. Hieu x — [x] duge goi la phan Ié cia x va duge ki hiéu la
{z}. Héy xdc dinh tat cd cic bo ba s6 thuc duong a, b, ¢ sao cho

[na) - [nb] = [n’c] . (1.1)
vd1 moi n € N.

Loi giai. Truée hét ta sé chitng minh bo dé sau
Bo6 dé. Néu zx va y la cac s6 thyc thi

{z+y}t={z} +{y}

voi 0 < {z} +{y} < 1.
Chitng minh bo dé. Tit cong thic

a = |a] + {a},Va € R,
ta co
[z +y] = [[2] + [v] + {=} + {}] - (1.2)

Dit
a = [z]+ [y, = {z} + {y}.



thiaeZvabeR 0<b< 1. Tudo, tasuyra
a<a+b<a+l.

Két hop véi a € Z, ta duge
[a+b] = a,

diéu nay tuong duong véi

=]+ ] + {2} + {y}] = [2] + [v]. (1.3)

Tu (1.2) va (1.3), ta c6
[z +y] = [z] + [y,
do do
r+y—[rty =x—lz]+y—[yl
Diéu nay suy ra
{z+y} ={a} +{v}
Nhu vay, b6 dé dugce ching minh.
Quay trd lai bai todn. Tit dang thiic (1.1) clia bai toan, véi moi n € N, ta c6

(na — {na}) - (nb— {nb}) = n’c — {n’c}.
Diéu nay tuong duong véi
n’ab — na{nb} — nb{na} + {na} {nb} = n*c — {n’c}. (1.4)
Chia ca hai vé ctia dang thiic trén cho n?, ta dugc

B 2 0 O Y R

n n?

T day, ta suy ra

. (ab_ a{nb} b{na} {na7}l 2{nb}) . (C_ {n*} ) |

n—-400 n n n—-+o0o n2

Do dé, ta dugc

ab = .

V6i diéu kien nay, (1.4) trd than
na{nb} + nb{na} — {na}{nb} = {n’c}.
Chia hai vé ctia dang thitc nay cho n rdi lay gisi han khi n — +oo, ta suy ra

lim (a{nb}+b{na}) =0. (1.5)

n—-+o00



Vi a,b 1a cac s6 thuc duong nén
{na} > 0,{nb} > 0.
Do d6

0 < {na} < % (af{nb} + b{na}) .

Chu y réng
: 1
lim 0 = nh_)rgo 3 (a{nb} + b{na}) = 0.

n—oo

Theo dinh ly vé gidi han kep thi tir (1.5) suy ra

nh_)n(r)lo{na} = 0.
Chiing minh tuong tu ta dugc

nlg&{nb} =0.
Gid st {a} # 0, khi d6 ta c6

0<A{a} <1

Dat
e =min {1 — {a}, {a}}

thi € > 0. Vi lim,,_,o{na} = 0 nén theo dinh nghia giéi han ctia day s6 ton tai ny € N*
sao cho v6i moi n > ng ta ¢6 0 < {na} < e. T day, ta suy ra

0<{noa} <e, 0<{(np+1)a}<e. (1.6)
Vi a la s6 thue duong va tit dinh nghia ctia € ta dude
0<{a} <{a}+{noa} <{a}+e<1
Khi dé, ap dung bo dé tren ta dugc
{(no+1)a} = {noa+a} = {a} + {noa}

Tu (1.6), ta suy ra
e > {a} 4+ {noa} > {a}
Dicu nay 13 mau thuan véi dinh nghia e. Do d6 diéu gia st 1a sai, hay {a} = 0, titc a € N*.
Chitng minh tuong tir, ta duge b € N*. Dao lai, néu a, b 1a cac s6 nguyén duong va ¢ = ab
thi ta c6 ngay
[nal - [nb] = [n’c| .

Vay céac bo ba can tim gom
aeN' beN' va c=ab
Nhan xét.



(1)

Bai toan trén la bai toan “so6 hoc-gidi tich” hay va doc ddo. Bai toan chi st dung
dinh nghia gidi han clia gi6i han day s6 két hgp véi tinh chat ctia ham phan nguyén
nhung “la”, gay it nhiéu khé khan cho cac hoc sinh khi diing trudc bai toan nay. Bo
dé dugc st dung trong chitng minh bai toan 1& cac tinh chat quen thudc ctia ham
phan nguyén. Khi phat hien dugc

g {ne} =0, Jip {nb} =0,

ta sé nghi ngay dén viéc sit dung dinh nghia gi6i han ctia day s6 “S6 a duge goi 1a
giéi han ctia day s6 (u,),—, néu véi Ve > 0, Ing € N* sao cho v6i moi n > ng ta c6
lu, — a| < €”. dé giai quyét bai toan. Mudn chiing minh a € N*,b € N* § tudng rat
tu nhién do6 1a ching minh phan 1é ctia ching bang 0. Sy tinh té & 10i gidi trén do6

chinh 1a viéc chon
e =min {1 — {a}, {a}}.

Dé chitng minh @ € N*,b € N* ta c6 cach tiép can khac véi 161 giai trén, dua vao bieu
dién thap phan ciia s6 vo ti nhu sau Gia sit a 1a s6 vo ti. Khi dé trong biéu dién thap
phan ta c6

Ci

107

a=(C,cic2...)q0 :C+Z
i=1

ton tai chit ¢ # 0 xuat hién vo han lan; titc 1a ton tai cac chi s6
1 <ig <...

sao cho
C=Cjyy =Cjy = ...

Xét n = 10%1 thi n — oo khi k tién ra vo cluing, ta c6

na = (C’cl...cik,l,cl-k...cl-kﬂ...)10.

Khi do, ta dugc

c
{na} > (0,¢)10 = 07 0.

Do d6
lim {na} > 0,
n—oo

diéu nay 1a vo 1y. Nhu vay, diéu gia st 1a sai hay a 1a s6 hitu ti. Khi d6
a="2 voi p,q € N*.
q

Xét n = kq+ 1 thi n — oo khi k tién ra vo ciing. Ta c6

{na} = {kp+a},



theo bo dé thi
{kp+ a} = {a}.
T do, ta dugce
lim {na} = lim {a} = 0 = {a} =0,
do d6 a € N*. Tuong tu, b € N*.

(3) Duéi day 1a mot s6 bai toan tuong tu

Bai toan 1. (Dé thi chon hoc sinh giéi Quoc gia mon Toan (VMO) nam 2016)
(a) Cho day sb (a,) dugc xac dinh béi

an:ln(2n2+1)—ln(n2+n+1),Vn€N*

Chitng minh rang, chi c6 hitu han s6 n sao cho

1
{(ln} < 5
(b) Cho day s6 (b,) dudc xac dinh béi
by =In(2n*+1) +In (n” +n+1),vn € N*.

Chiing minh ton tai vo han s6 n sao cho

1
{bn} < 5016

Trong d6 {x} 1a ky hiéu phan 1é cia s6 thuc z :
{z} =2 — 2]

Bai todn 2. (Dé thi Olympic Toan hoc Sinh vién Toan Qudc nam 2016)

Phan nguyén ciia s6 thiuc z dude dinh nghia 1a s6 nguyén 16n nhat khong vigt qua
x duge ki hieu 1a [z]. Hieu = — [z] dugc goi 1a phan 1é ctia x va duge ki hieu 1a {z}.
Gia st a, b 1 cac s6 thyc duong. Chitng minh rang

nhg)lO (af{nb} + b{na}) =0
khi va chi khi a va b 1 cac s6 nguyen.
Bai toan 2. Gia st a, b, ¢ € Z sao cho
f(n) :==an®+bn+c
14 s6 chinh phuong v6i moi n € Z. Chitng minh réng ton tai «, 8 sao cho
f(n) = (an + p)?

v6i moi n € Z.



Loi gii. Theo gia thiét, ta thay rang toi tai day so tu nhién {a,},-, sao cho
f(n)=a;. (L.7)
v6i moi s6 nguyen duong n. Khi do, ta duge
an® +bn +c = a3,

Déng thitc trén suy ra

b ¢ ad
a-+ ﬁ + ﬁ ==
Do do, ta co
b 2
a= lim <a + — + %) = lim (a—g> > 0. (1.8)
n—-+00 n n n—+oo \ N

Vay a > 0. Ta xét cac truong hgp sau.
Truong hop 1: a = 0. Khi do, ta ¢

f(n) =bn+c.

Néu b # 0 thi f(n) < 0 khi n trai dau véi b va c6 tri tuyéet d6i du 16n, mau thuan véi (1.7).
Vay b= 0, con ¢ € N 1a mot s6 chinh phuong (a,, = v/c v6i moi n € Z). Trong truong hgp
nay, diéu phai chiing minh 1a ding véi a := 0, 8 1= /c.

Truong hop 2: a # 0. Khi do, ta ¢c6 a > 0. Tt (1.8), ta suy ra ton tai s6 nguyén duong
no > 0 sao cho a,, > 0 véi moi s6 nguyén duong n > ngy. Ta c6

2 2
J— 1 o
Hm  (apsr —an) = lm g1t =0 f(n+1)— f(n) .
n——+o0 n—+0o Apy1 + Ay  nHo0 \/f<n + 1) + \/f(n)

Cha § rang

f(n+1)—f(n)= [a(n+1)2—|—b(n+1)—l—c} — [an® 4+ bn + (]

=2an+a+b.
Do doé . 5 )
lim fint1)—fn) = lim M = 2a.
n—-+4o0o n n—-+4oo n
Hon nita, ta co
a= lim —f () = lim —f (n+ 12>
n—+oo M n—+oo (n + 1)
1 2 1
=g LDy, gy, D)
n——+o0 n n——+o0 (TL + ]_) n——+o00 n2



Vi vay, ta dugce
fin+1)— f(n)

n 2a

lim (ap4+1 —a,) = lim = = /.
i (=) = O T i oA
7 T 2
n n
Vi a,41 — a, chi nhan gia tri nguyén, ta suy ra
a:=+/a € N*

va ton tai ng € N (dt 16n) dé a,,1 — a, = o v6i moi s6 tut nhién n > ng. Véi cac gia tri n
d6 ciing véi cac két qua & trén ta co

20°n+a’+b=2an+a+b

2 2
Api1 — Ay

= (a+ay)’ —a

= o? + 2aa,,

Déng thitc nay suy ra
20|20, — 2a*n = b,

tic la b = 2apf véi § € Z nao d6. Khi do, ta duge
20, — 2a*n =b =20 = a, = an + B.

Diéu nay chiing to
f(n) =ap = (an+ B)*.
v6i moi s6 tu nhien n > ng, va do do, véi moi n € Z.
Nhan xét.

(1) Trong bai toan trén, ching ta da van dung mot cich "khéo 160" dinh nghia giéi han
ctia day s6. Tit gid thiét clia dé bai, chiing ta c6 thé dé ding nhan ra ring a > 0. Hon
nita, st dung y tudng tuong tit khi chitng minh a > 0 trong bai toan trén, ta c6 thé
chiing minh két qua sau:

"Gia st
f () =apz™ + a2 ' + ... + a,x + ag
la da thitc mot bién o bac n > 0 véi he s6 thyc. Khi d6 lim L2 =q,."
r—r+00
Két qua a,41 — a, = o véi moi s6 ty nhién n > ny 14 mau chét ctia bai toan. Dé thu
dude két qua nay vé ban chat ta da st dung nhan xét sau day vé gidi han cia day
s6 nguyén: "néu day s6 nguyen {a,},-, hoi tu vé a thi ton tai ny sao cho véi moi

n > ng thi a, = a," tic 1a "mot day s6 nguyén c6 giéi han hitu han thi diay do sé
la day dimg ké tit mot s6 hang nao dé clia day." Nhan xét c¢6 nhiéu tng dung trong
viéc giai quyét cac bai toan lien quan dén day s6 nguyen.



(2) St dung phuong phap hoan tuong tu nhu bai toan trén ta c6 thé chiing minh bai
toan tong quat sau
"Cho f(x) la da thic bac k > 1 thda man f(n) 1a liy thita bac k clia mot s6 tu nhién
v6i mdi s6 nguyen duong n. Khi d6 f(z) 1a Iy thita bac k clia mot da thiic bac nhat
v6i hé sd nguyen."

Bai toan 3. Cho a,b,c,d € N* doi mot khac nhau va s6 nguyén t6 p théa man
&= .

Chting minh
la —c|+[b—d| > p.

Loi giai. Vi p 1a s6 nguyéen t6 nén ap dung dinh ly Fermat, ta dugc

a’? —a=0 (modp),

W—b=0 (modp),
& —c=0 (modp),
d’—d=0 (modp)

Két hop gia thiét va cac két qua trén, ta c6
O=(@ -+ —-d’)=a—c+b—d (modp).
Diéu nay suy ra
a+b=c+d (modp).
Ta xét cac truong hgp sau

Truong hop 1: a +b # c+d. Vi a,b,c,d 1a cic s6 doi mot khac nhau nén khong gidm
tinh tong quat, ta co thé gia st a + b > ¢+ d. Khi dé, ta duge

a—c+b—d=(a+b)—(c+d)>0.
Do do6
la—c|l+b—d|>|la—c+b—d=a—c+b—d>p.
Truong hop 2: a+b=c+d. Gidasta >c>dsuyrab<ddodda>c>d>b Xét ham

s6 f(t) =t". V1 f(t) c6 dao ham trén cac khoang (¢, a) va (b, d) nén theo dinh 1y Lagrange
ton tai cic sb t1 € (c,a),ty € (d,b) sao cho
a) — f(c al — c?
oy = T@ =10 _

a—=c¢ a—=c

fl(tQ):f(dc)l:g(b):dZ:zp'

Do d6 f'(t1) = f'(t2). Diéu nay 1a vo i vi p nguyen t6 va t1,ty thudc hai khoang khéac
nhau.
Nhan xét.




(1) Khi nhin thay gia thiét ctia bai toan, ching ta sé nghi ngay dén viéc "lam thé nao
c6 thé ha thap s6 bac" ctia dang thic da cho. Rat "may", p 1a s6 nguyen t6. Vi vay
chiing ta c6 thé diing mot trong nhing dinh 1i "kinh dién" trong sé hoc, d6 la dinh
1 Fermat. Sau khi thu duge két qua

a+b=c+d (modp)

sé c6 rat nhiéu ban "voi vang" dua ra két luan ctia bai toan ma khong dé ¥ t6i truong
hop
(a+b)—(c+d)=0.

Viée stt dung dinh 1y Lagrange trong trudng hop 2 la "tu nhien". Ngoai ra, chung ta
c6 thé su dung tich phan dé dua ra dugc két luan & truong hop 2. Cu thé, tit ding

thic
a? — P =d° - 1P,
ta suy ra
a d
/:Upld:n: /xpldx.
c b

Diéu nay 1a vo Iy vi a, b, ¢,d € N* doi mot khac nhau va (b, d) C (¢, a).

(2) Mot cau hoi duge dit ra 1a lieu két qué clia bai toan van ding néu ta thay sd nguyén
td p boi mot s6 nguyen n bat ki. Cau hoi nay xin danh cho ban doc.

Mot ting dung ciia phuong phap gidi tich trong van deé tim da thitc v6i hé s6 nguyén sé
xuat hién trong bai tiép theo.

Bai toan 4. (Dé thi Olympic Toan ctia Bungari nam 2003)
Tim tat ca cac da thic P € Z[z] sao cho phuong trinh

P(z)=2"

c6 it nhat mot nghiem z,, € N* v6i mdi n € N*.

Loi giai.
Tt gid thiét, ta thay rang
P(z) = Z ;7"
i=0

trong do
m:=degP € N* (a;)!" ) C Z,a, >0
+oco

va day (v,),2,, tang ngit véi ny € N* nao d6. Hon nita,

lim z, = 4o
n—-4o00



. ™ . xm . 1 1
lim 2 = lim " _ = lim — , =
n—+oo 21 n—+oco P (In) n—-+oo Ay, + Zz 0 aix%—m Am

Tu do, ta duge

1
ap /2rt x
. 1 . +1
lim 2= — 1 = im0 =9/
n—+o00 l‘nm/Q” n—+00 Ty

nén (theo bat ding thitc TBC-TBN, dau “= "khong xay ra)

lim (a:n+1 i m) —ol/m 4 o=1/m & o

n—+o00 Tn Tn

Vay ton tai s6 nguyén duong ns > n; sao cho

Tn+41 Tn—1
+
Ty Tn

>2=Tpi1 — Ty > Ty — Tyt

khi n > ny. Nhung do P € Z[z] ta c6
(Tnt1 — o) | (P (Tpi1) — P () =27 =20 =27
nén r,,1 — T, la mot liiy thita clia 2 véi moi n € N*. Vi thé,
Tyl — T 2 2(Tp —Tpq) =+ 2> 2" (Tpyi1 — Tiy)
khi n > ne. T do
Tpg1 = Tp + 277" (Tpyp1 — Tpy) > 277" V> ng.
Vay néu m > 1 thi sé c6

' m . Qm(nfng)
— = lim 2> lim = =400
A n—s+oo 2n+1 n——+oo 2N+l

Diéu nay 1a vo 1y, mau thuan chiing té rang m = 1, nghia la
P(z) = a1z + ay.
Béi vi ai|ayz, = 2" — ag (Vn € N¥), ta thay
0< a (22 —ao) — (21 —ao) =2
Dé dang thit lai dé di dén két luan sau
l.a; =1va P(x) =x+ ag v6i ag € Z,ag < 1, hodc
2. a; =2 va P(x) =2x + ag v6i ap = 2b,b € Z,b < 0.

Dé két thic phan 2, ta sé dén véi bai toan sau 1a bai toan s6 6 trong dé thi chon Doi
tuyén Qudc gia dut thi Olympic Toan Qudc té (VN TST) nam 2005.
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Bai toan 5. (VN TST 2005)

Mot s6 nguyen duong duge goi la “sé kim cuong 2005” néu trong bicu dién thap phan
ctia n6 c¢6 2005 s6 9 ding canh nhau lién tiép. (a,),n = 1,2,3,--- la day tang ngit cac
s6 nguyén duong théa man a, < nC (C la hing s6 thyc duong nao do).

Chitng minh rang day s6 (a,),n =1,2,3, -+ chita vo han “s6 kim cuong 2005”.

Loi giai. Dé ching minh bai toan, trude hét ta can ching minh cac bd dé sau.
Bo dé 1
1
lim — = +o00.

Chaing minh bo dé 1. Ta can chiing minh bat ddng thic sau
x>In(x+1),Vaz>0.

That vay, xét ham so

1 T

f(x):x—ln(x+1),x>0:>f’(x):1—:E_I_l:x+1

>0, Vo > 0.

Do d6, ham s6 f(z) dong bién trén (0; 4+00). Suy ra
f(z)> f(0)=0=z>1In(x+1), Yz > 0.

Trong bat ding nay, thay x béi % > 0 ta cling ¢6

1 1 1 1 1
—>1n<—+1)<:)—>1n<x+ )(:)—>ln(:p+1)—1nx,‘v’x>0.
x x x x x

Ap dung vao téng can ching minh

Zn:% > zn:[ln(n +1)—In(n)]=Inn+1) —Inl =In(n+1),

lim [In(n +1)] = +o0

1
hm;E—jLoo.

B6 dé 1 dugce chitng minh.
Bé dé 2. Néu trong hé co s6 m (m € N;m > 1): day s6 (a,) tang va trong day dé khong
c6 s6 hang nao cé chita chit s6 m — 1 thi tong sau

"1
2
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hoi tu khi n tién t6i vo cling.
Chitng minh bo dé 2. Dat ,

S = Z n
la téng cac s6 tur nhién c6 chita k chit s6 viét trong hé co s6 m va khong cé chita chit s6
m — 1 nao.
Gia st mot s6 hang c6 k chit s6 nao dé c6 dang bibs . .. by_1by, chit sd thit 1 phai khac 0
va khac m — 1 nén c6 m — 2 cach chon, céc chit s6 con lai phai khac m — 1 nén c6 m — 1
cach chon. Do d6, ¢ ding (m — 2)(m — 1)~ 86 ¢6 k chit s6 ma trong bic¢u dién trong
hé co s6 m khong c6 chita chit s6 m — 1, ma mdi s6 trong dé déu 1én hon m*~! nén tong
nghich dao tuong ting ctuia chiing sé bé hon

(m=2)(m—1"

1
S = Z n
la tong cac s6 hang c6 chita k chit s6 trong hé s6 m va khong c6 chita chit s6 m — 1 nao
nén né khong vuct qua tong clia tat ca cac so6 ty nhién c6 ciing dang dé ma ta vita danh
gia dugc, suy ra

Hon nta

S < o
Do do
. n " (m—2)-(m—1)k!
1 —=1 1
im . lim s, < 1mz -
i=1 k=1
=lim ) (m—2)- (—)
k=1 m
-2
= 1m — =m(m —2)

Tic 1a tong nay hoi tu khi n tién t6i vo cyc. B dé 2 duge ching minh.

Quay trd lai bai todn. Dat m = 10%°% = m — 1 1& s6 tu nhién c6 chita dang 2005 s6 9 lien
tiép khi viét trong he thap phan. Ta can chitng minh trong day da cho, c¢6 vo s6 s6 hang
chtia chit s6 m — 1.

Gia sit trong day nay khong c6 chita sé hang nao c6 chit s6 m — 1. Khi d6, theo bo dé (2)
G trén .
lim i
i=1 £~ q

13 hitu han. Hon nita, theo gia thiét a,, < nC, Vn nén
"1 11 1

li — > 1 — =—="1 —.

mY > n = )
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Theo b6 dé 1, giéi han nay tién t6i vo cuc. Hai diéu nay mau thudn véi nhau chimg t6
diéu gid st ¢ trén 13 sai, tiic 1a day da cho c6 it nhat mot s6 hang chita chit s6 m — 1, gia
st do 1a ay,.

Ta lai xét ddy con ctia diy ban dau

QAng+15 Qng+25 Ang+3; - - -

Day nay c6 day du tinh chat ctia day da cho nén ciing chia it nhat mot s6 hang c6 chia
chit 86 m — 1 khac véi s6 a,, 6 trén (do day 1a day tang). Lap luan tuong tu nhu thé, day
con nay c6 thém mot s6 hang c6 chita chit s6 m — 1. Tu do6 suy ra day da cho c6 vo s6 s
hang chiia chit s6 m — 1. Vay day s6

(an),m=1,2,3,...

chtia vo han s6 kim cuong 2005. Day chinh 1a diéu phai chiing minh.

2. PHUONG PHAP GIAI TICH TRONG MOT SO BAI TOAN
PAI SO

Dau tién, ching ta sé dén vé6i ting dung ctia giai tich trong van dé chitng minh mot phuong
trinh dai s6 c6 nghiém qua bai toan sau.

Bai toan 6. Gia st ham s6 f : R — R lién tuc va théa man diéu kien v6i x € R

F s (a4 %57)

12 s6 hitu ti khi va chi khi
f@+9)+ f(z+4)+ f(x+2019)
12 s6 vo ti. Chitng minh rang, phuong trinh sau c¢6 nghiém thuec
2 — 4z + 2019 — f(z) = 0.
Loi giai. Dé chiing minh bai toan ta can chitng minh bé dé duéi day.
Bo6 dé. Néu ham s6 g : R — R lién tuc va chi nhan cac gia tri vo ti thi g(2) = ¢ véi ¢ 1a
mot hing s6 nao do.

Chitng minh bo dé. That vay, néu khong nhu vay thi ton tai cac cap sb6 thue phan biét
11,73 (11 < T9) sao cho g (x1) # g (x2) . Do tinh chat lién tuc ctia ham g nén véi s6 hitu ti

g€ (min{g(a1).g(x)} smax{g (21) 9 (22)})

cho trude, déu ton tai 3 € (z1,22) dé g (x3) = ¢, didu nay la khong thé duge vi g chi
nhan gia tri vo ti. Vay bo dé dude ching minh.
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Quay trd lai bai toan. Theo bai ra ham s6 f : R — R lién tuc va théa man diéu kien

f(x)+f(x+¥)

12 s6 hitu ti khi va chi khi
f@4+9)+ f(x+4)+ f(x+2019)

13 s6 vo ti. Diéu nay tuong duong véi ham s6 f : R — R lién tuc va théa man dicu kién

)+ 1 (24 25°)

12 s6 vo t1 khi va chi khi v6i x € R, s6
flx+9)+ f(x+4) + f(2019)

14 s6 hitu ti. Do vay, ciap ham

hi(z) = f(x)+ f |z + g + f(x4+9)+ f(x+4) + f(2019)
ho(2) = f(x) + f x+¥ (w4 9) — flz+4) — £(2019)

la cac ham lién tuc va luén nhan gia tri vo ti véi moi z € R.
Vay theo nhan xét & trén thi hy = ¢;, hy = 3 (V6i ¢1, ¢2 1a cac hdng s6 vo ti ndo do).
Suy ra

2019
f(:):)+f(x+ : ):clg@,\me& (2.9)
va vi vay ta co
2019
waua—)+f@+mnm:C““?vxeR (2.10)

Tu (2.9) va (2.10), ta dugc
f(z) = f(z+2019)
véi moi € R, hay f(z) la ham tuan hoan trén R.
Xét ham s6
g(x) = 2° — 42 4+ 2019 — f (x),
véi moi z € R. Khi d6, g(z) 1a ham s6 xac dinh, lien tuc tren R. Vi f(z) 14 ham s6 tuan
hoan trén R nén ham s6 f(z) bi chan. Ta co:
lim g(z)= lim (2" — 42+ 2019 — f (z)) = +o0

r—+00 T—>+00
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lim g(z)= lim (2 —4z+2019 — f(z)) = —oc.
T——00 T——+00
Tu day suy ra, ton tai cdc s6 n > 0,m < 0 sao cho g(n) > 0,g(m) < 0. Vi ham s6 g(z)
lien tuc tren R va g(m).g(n) < 0 nén theo dinh ly gia tri trung gian ton tai zy € (n,m)
sao cho g(zop) = 0 hay
x5 — 4o + 2019 — f(z) = 0.

Ta dugde diéu phai chitng minh.
Nhan xét.

(1) Bai toan tren tuong doi "1at 1é0". T phuong trinh yéu cau chiing minh ¢6 nghiém,
ta thay ngay rang néu f(z) la mot ham bi chan thi bai toan duge gidi quyét thong
qua dinh ly gia tri trung gian quen thuoc. Do vay mau chét clia bai toan 1a ta can
phai chiing minh f(x) 14 mot s6 ham s6 bi chan. Dé gidi quyét van dé nay, ta da si
dung linh hoat tinh chéat ctia ham s6 f dé chi ra né la mot ham sé tuan hoan. Sau
do, chiing ta da st dung mot két qua quen thudc trong giai tich. d6 13 "néu mot ham
s6 lién tuc va tuan hoan thi né bi chan". Cac ham s6 f(x) = sinz hodc f(z) = cosz
14 nhiing ham s6 thuong gap théa man tinh chat nay. Can chu § rang, dinh 1y gia
tri trung gian déng vai tro quan trong trong cac bai todn vé chiing minh vé phuong
trinh dai s6 c6 nghiém. Vé mat hinh anh, ching ta c6 thé hinh sau dinh 1y gia tri
trung gian nhu sau "Néu ham s6 f(x) c6 cac gia tri duong va cac gia tri am thi do
thi clia n6 sé cat truc tung tai it nhat mot diém."

(2) Sau day la mot s6 bai toan ¢6 noi dung tuong t.

Bai toan 1. (Dé thi hoc sinh giéi cap Tinh ctia Ha Tinh nam 2017)
Cho
P(z) = 2° +22* — Tx — 17

Q(z) = 2° + 32> — 8z + 14.
Ching minh rang hai da thitc déu c6 nghiem duwong duy nhat «, 8 va

Va-Vi-1

Bai todn 2. (Dé thi Gap g Toan hoc nam 2017)
Cho
P(z) = 2° — 42 + 39z — 46

Q(z) = 2° + 32 +4v — 3.
Chiing minh rang hai da thitc déu c6 nghiem duong duy nhat «, 8 va

{o} = {5},

trong d6 ky hi¢u {x}1a phan 1é ctia x.
Bai todan 3. (VMO 2003)
Cho
P(z) =4° — 227 — 152+ 9
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va
Q(r) = 122° + 62° — Tz + 1.

Chtng minh réng hai da thitc déu c6 nghiém ba nghiém phan biét. Ki hicu o va 3 1
hai nghiém 16n nhat ctia P(z) va Q(z). Chiing minh rang

o’ +33% = 4.
Tiép theo chiing ta sé dén ting dung ctia phuong phap giai tich trong bai toan tim hing
s6 16n nhat (nhé nhat) thda man mot bat dang thiic cho trudc.
Bai toan 7. Tim s6 thuc k 16n nhat sao cho
(a®>+2) (b°+2) (P +2) > k(a®>+ 0>+ ¢) + (9—k)(ab + bc + ca)

ding v6i moi a, b, ¢ > 0.

1
Loi giai. Xét a =x, b= c= — thi khi z — 400, ta ¢6 b,c — 0, a — +00.

x
Ta viét lai bat dang thic thanh

1 % (P*+2)(P+2) >k |1+ : )+ 09—k “r X)),
(%) ( b:2> <b+ b)

a a?

Chon bo nhu trén véi £ — +oo ta ¢o
(1+0)(0+2)(0+2)>k(1+0)+(9—-k)(0+0) = k < 4.
Ta sé chiing minh k£ = 4 tic la
(a®>+2) (1*+2) (*+2) >4 (a®+b° +c*) +5(ab+ be + ca).
Diéu nay tuong véi
a’b*? + 2 (a°0® + b°¢® + Pa®) + 8 > 5(ab + be + ca).

bat ab =z, bc = y, ca = z thi

zyz +2(2° +y° +2°) + 8 > 5(x + y + 2). (2.11)
B6 dé. Véi z, y, z > 0 thi

22y 2 2oy + 1> 2wy +yz + 2x).
Ta thay, bat dang thic (2.11) tuong duong véi bat déng thitc

20yz + 4 (2° + y* + 2°) + 16 > 10(z + y + 2).

Két hop phai bé dé trén, ta thiy ring bai toan sé dudc hoan thanh néu ta chiing minh
duge bat déng thic

B(2>+y° +2%) +2(xy +yz+ 20) + 15 > 10(z + y + 2).
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Chu ¥ ring bat dang thic nay tuong duong véi
(+y+z—1)2+2x-1)2+20y—-1)0*+2(z-1)2*>0.

Bét déng thiic cubi ding nén ta c6 diéu phai chitng minh. Vay gia tri 16n nhat cia k 1a 4.
Nhan xét.

(1) Bb de trén c6 thé chiing minh dé dang bang cach 4p dung Dirichlet nhu sau: Khong
mat tinh tong quét, gid st (r — 1)(y — 1) > 0 thi

xy > x+y—1=2xyz > 2xz + 2yz — 2z2.
Do do, ta dugc

Py 2y 1> A 2w+ 2y — 224+ 1
> 2y + (2 — 1)* + 222 + 2y2
=2(zy +yz + zx).
Do d6, b6 dé dude chiing minh.
(2) Mot s6 bai todn c6 phuong phap tuong tu nhu bai toan trén
Bai todn 1. (VMO 2006 - Bang B)
Tim hing s6 thuwjc & 16n nhat théa man: Véi moi a, b, ¢ duong ma abe = 1 thi ta c6
bat ding thic sau

1 1 1
§+b—2+§+3k2 (k+1)(a+b+c).
Bai todan 2. (VN TST 2009)
Tim tat ca céc sé thuc r sao cho bat ding thic sau ding v6i moi a, b, ¢ duong

a b c 1\?
r+ r+ r+ >(r+z] .
b+c c+a a-+b 2

Bai toan 3. (VN TST 2013)
Tim hang s6 k& nguyén duong 16n nhat théa man: Vi moi a, b, ¢ duong ma abe = 1
thi ta c6 bat ding thic sau

1 1 1 k k

S e T T S S
a+b+c+a+b+c—|—1_4

+ 3.
Bai toan tiép theo sé cho thay dugc tng dung ciia phuong phap giai tich trong cht dé lién
quan dén bat phuong trinh ham.

Bai toan 8. Cho a > 1 14 mot s6 thiye va ham f : R — R thoéa man dong thoi hai dieu
kién

(1) (f (aa:))2 < ad2?f (x) v6i moi s thuc z.
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(2) f bi chan trong mot lan can nao dé cta 0.

Chitng minh rang

|f(2)] <

22
a
v6i Vo € R.

Loi giai. Trong i. thay x = 0 ta thu dugc

[f(0)]* <0= f(0)=0.

V6i moi x # 0, tir i. ta ¢6

fla) = S >0
v6i Vo # 0. T do, ta duge
flx) =0
v6i moi x € R. Néu @ = 1 thi tu i. ta dudc
2
[f(2)] <a2f ().

Tit day, ta suy ra f(z) < 2%v6i moi x € R. Nhu vay, bat dang thiic can chitng minh ding
véi truong hgp a = 1.
Bay gio, ta sé xét truong hop a > 1. Dat

= >0
X

g(

v6i moi x # 0 thi

Khi do, tiri. ta suy ra

(x), Vax#D0. (2.12)

Ta sé ching minh

9—n
g(z) < g(—> , V6l Vx#0,VneN* (2.13)
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bang phuong phap quy nap toan hoc theo n. That vay, trong (2.12) thay z bdi £ ta dudc

g(a) < [g <§)

Nhu vay, ménh dé (2.13) dang v6i n = 1. Gia stt ménh dé ding véi n = k > 2 ttic 1a

Vi Va #0. (2.14)

g(2) < g(%)ﬂ,w £ 0. (2.15)

() ss() s

Tu (2.14) va (2.16) , ta suy ra

9—(k+1)

g(2) < g(aj;l> V£ 0. (2.17)

Do d6, ménh dé (2.13) dang v6i n = k + 1. Theo nguyén 1y quy nap todn hoc ménh dé
(2.13) dang v6i moi n € N*. Nhu vay, ta ¢

g(x) < 9(57)2n»

véi Vo # 0, Vn € N*. Tt dinh nghia ciia ham ¢ ta thu duge

2—n
n

g(x)ﬁg(aﬁn)T _ ﬁ | (218

a

Viz #0vaa> Inén véin dia l6n thi =% sé thuoc mot lan can nao do cua diém 0. Do dé,
tl ii. ta suy ra ton tai ng € N* va M > 0 sao cho véi n > ng ta c6

(z)=

2—n

9—n - 2n+1
g(x)§9<£> B f(a_nz) < M (2.19)

Két hop véi (2.18) ta dugc




Theo quy tac L'Hospital thi

Do do

lm & a2 =,

n—00 J}217n

T (2.19) cho n — oo, ta thu duge g () < 1véi moi x # 0 hay

f (x)

z?
a

< 1,Vzx #0.

T day, ta co

£L‘2

o)< v 40

)
a

Chu y rang f(0) =0 va f (z) > 0 nén ta dugdc

.1:2

véi Vo € R. Bai toan duge chiing minh.
Nhan xét.

(1)

Bai toan trén 1a mot bai toan vé bat phuong trinh ham c6 st dung tinh chat giéi tich

va kha naing vé mat ki thuat. Dé ching minh f () < P (x) vé mat ¥ tudng ta tim mot

danh gia f () < P(z).u, véi lim u, = 1 hodc f(z) < P(z) + u,v6i lim u, = 0,
n—00 n—00

trong bai toan nay thi

a 2" 9—n

va lim w, = 1. Khi tim dugc danh gia (13), thi ta thay rang lim £ = 0 v6i moi
n—oo

n—oo
a > 1 nén ta c6 thé sit dung gia thiét ii. ctia bai toan dé tiép tuc danh gia. Bai toan
tren 1 bai toan tong quat clia bai toan dudi day, 1a dé thi hoc sinh giéi quéc gia mon
Toan ctia Trung Qudc nam 1998
“Cho ham s6f : R — R 13 mot ham s6 thoa man dong thoi hai dieu kién
a) [f (a:')]2 <22%f (%) ,Vz e R;
b) f(x) <1,Vz € (—1,1).
Chitng minh rang f (z) < %Q,Vx eR
Ngoai cach giai da trinh bay & trén, ta c6 theé tiép can bai toan theo huéng khac nhu
sau:
Van nhu 161 gidi ¢ trén, ta ching minh dugc

f0)=0,f(x) =0
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v6i moi & va bat ding thic can ching minh ding khi @ = 1 va chi con xét trudng
hop @ > 1. Trong i. thay z bdi Z ta dugce

[f (@)]° < a®f (2) Wz € R\ {0}.

Gié st rang ton tai 2z # 0 sao cho f (z) > 2% Tu ii. ta 1an lugt co:
2 1 2 22
1(2)7 =5

/ (%) g aéf (22)2 - %2

Tu do ta duge

Bang phuong phap quy nap toan hoc, ta co:

f (i> > a2 Yn > 2. (2.20)

aTL

Do diéu kien thtt hai ctia bai toan, vé trai ctia (2.20) bi chan trén, trong khi vé phai
16n tuy ¥ khi n du 16n, vo 1y! Do dé diéu gia sit 13 sai hay

f(x) <2 Vz € R\ {0}. (2.21)

Xét ham s

thi tu i. ta dude

<h(x) + %)2 < az? (h (2) + z—z> Va € R\ {0}.

Diéu nay tuong duong

[h ()] + Q%h (z) < az®h (g) Wz € R\ {0}

T do, ta dugce
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bat déng thitc nay ding ci khi 2 = 0 vi h(0) = 0. Bing phuong phap quy nap toan

hoc ta co
2 n
h(z) < (%) h (ﬁ) ,¥n € N. (2.22)
an

Tir (2.21) va (2.22) ta dugc

e (5)0(2) < (£)1(2)

Do do, ta co

Vi n c6 thé 16n tity ¥ nén diéu nay chi ding khi va chi khi h (z) < 0,Vx € R. T day,
ta suy ra diéu phai chitng minh.
Duéi day 1a mot s6 bai toan tuong tu
Baz toan 1.
Tim tat cd ham s6 f : R — R, bi chan trén R, va théa man diéu kién
a) f(1) =1,
2
b) fz+%)=f(z)+ [f(%)] Vo #£ 0.
Baz toan 2.
Tim tat cd ham s6 f : R — R, bi chdn trén [a, b], f(1) =1 va théa man diéu kién

fle+y)=f()+f(y),Vr,y eR.
Bazt toan 3.
Tim tat cd ham s6 f : R — R thoa méan diéu kién
a) fx+y) < f(z)+ [f(y),Vo,y e R
b) f(z) <e®*—1,Vx € R.
Basi toan 4. (VMO 2006 - Bang B)

Dat F = {f ‘Rt — R*! fBx)>f(f(22)) +a,Vre R} . Tim gi4 tri 16n nhat cta

a sao cho v6i moi f € F ta ludon ¢6 f(x) > ax.
Bai toan 5. (Olympic Toan Bulgaria 1998)
Chitng minh rang khong ton tai ham s6 f : R™ — R thoa man

fPla)>fle+y) (f(@)+y); Vo,yeR'

Bai todn 6. (Olympic Toan hoc Qubc té nam 2011)
Ching minh rang khong ton tai ham s6 f : R — Rthéa man dieu kién

fle+y) <yflz)+f (f(x)) . Vr,y € R.
Chiing minh rang f(z) = 0 v6i moi z < 0.
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Cudi ciing, dé két thic chuong nay, ta sé dén véi bai toan sau la bai toan s6 5 trong dé
thi chon Quodc gia duy thi Olympic toan Qubc té nam 1992.

Bai toan 9. (VN TST 1992) Véi mdi s6 nguyén duong n, xét phuong trinh
2n’z = log, (n*z +1).

Tim diéu kién ctia a, b, ¢ > 0 dé véi mdi nghiem z,, # 0 clia phuong trinh trén thi ta luon
co
a* + b + " > 4z, + 3.

Loi gidi. Tru6e hét, véi a, b, ¢ > 0 ta sé chiing minh rang

lim <%+ Vbt %> = Vabe.

n—-+o0o 3

Yy = <%+{;{E+%> :>lny:nln<{1/a+<§5+\n/6).

Do d6 theo quy tac L’Hospital thi

lim Iny = lim ——* = lim

n—+00 z—0t x z—0t

a*lna+b*Inb+c*Inc 3
P = In Vabc.
3

T day ta c6
lim y = Vabc.

n—-+400

Tré lai bai toan, xét phuong trinh
2n*z = log, (n2x + 1) .

Diat t = n%x thi
2t = logy(t +1) & 4" =t + 1.

Khéo sat ham s6 tuong ting, dé thay phuong trinh nay c6 hai nghiem 12

1
=0t = —-.
2
Do do6
1
Ty = ———
2n?
Ta can ¢6
1 1
Z b mZ 4o
G b e > 2 yge b be s 2
n? 3 3n?



Néu lay giéi han trie tiép sé khong lam phat sinh dicu kién ciia a, b, ¢. Ta lay mi 2n” hai
vé 10i ap dung bd dé & trén

(223/(1/@)+2e/(1/b)>2" N (_ 2 H)W
- > .

3n?

Diéu kién da cho ding véi moi n nén ciing phai ding khi n — +o00. Ta c6

2n
Y Y Y|
(R R
3 Vabe

lim
n—-+oo
va
2 _3n2(-4)
I 2 )" 2 g (12 T e
nalrfoo 3n2 _nirilw 3n2 —e

Do d6 ta can co

V6i abec > 4 thi
_1
Q3T 4 b I 4T > 3<\3/a_bc) 2 > 3¢5z,
Ta can chitng minh diéu kien du 13
2 2
3e 3n? Z - + 3
n
hay
el >t+1
v6i t = —325. Khéo sat ham s6 nay, ta c6 diéu phai ching minh.

Nhan xét. Trong bai trén, ta c¢6 st dung quy tac L'Hospital la: Néu ham s6 f(z), g(z)
théa man f(c) = g(c) = 0 va gi6i han

lim (@)
Tr—C g’(,j(:)

ton tai thi
!
lim m = lim f/(x)
e g(e)  woe g'(a)

Ta c6 thé viét quy téc nay theo kiéu so cap hon nhu sau

f@)—f(e)
) SR N 4 C)
im=——= = —= = .
T—e g(z‘) T—e€ g(ac):g(c) T—€ g/($)
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