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A. MO DAU
I. Ly do chon dé tai

Céc bai toan vé da thirc thuong xuyén xuét hién trong cac ky thi hoc sinh
gioi va ludn duoc danh gid 1a bai toan kho. Cac bai toan nay thudng yéu ciu nghién
ctru tinh chat cac hé sb cua da thire, tinh chat vé nghiém cda n6 hodc nhirng bai toan
vé da thirc nguyén, tinh kha quy, bat kha quy va dugc hoi theo nhiéu hinh thirc khéc
nhau.

Bai toan vé da thirc lién quan dén nghiém cua da thirc ¢6 tan suét xuat hién
kha nhiéu trong cac dé thi TST, VMO, IMO,...véi cach cach hoi rat phong phti: Co
thé 1a sy ton tai nghiém cua da thirc; hay cac bai toan vé nghiém thong qua hé thirc
Vi-et; bai toan vé ding thirc, bat dang thuc lién quan dén nghiém va hé sé cta da
thirc,...Mdi bai toan déu can 16i tu duy nhu chirng minh mot dinh 1y toan hoc vay.

Chinh vi vay tac gia dd quyét dinh lua chon dé tai:

“Nghiém cua da thirc”
Hi vong phan nao chia sé va giup cac ban ti€p can tot hon vé cac bai toan dang nay.

I1. Muc dich va nhiém vu nghién ctru
+ Nghién clru cac hudng suy nghi cho 161 gidi mot bai toan vé nghiém cua da thirc

+ Vén dung tinh chat nghiém cua da thtc giai quyét cac bai toan lién quan dén
nghiém nham phat huy kha nang tu duy toan hoc cho hoc sinh.

I11. Poi twong hoc sinh

Péi tuong day hoc cia chuyén dé 1a cac hoc sinh chuyén toan cua truong THPT
Chuyén, dac biét 1a boi dudng hoc sinh doi tuyén hoc sinh gioi toan.
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B. NOI DUNG

1. Mét s6 kién thire co ban vé nghiém cia da thic

1. Dinh nghia

Gia st f(x) e R[x], o e R.Ta n6i f(x) nhan « 1am nghiém néu f(a ) = 0, khi d6 f(x)
chia hét cho x—a hay nhan x—o 1am mot nhan ter .
2. Nghiém don, nghiém bgi
Gia st f(x) e R[x], a e R,k e N". Tanoi a la nghiém bdi clia da thirc f(x) néu ton tai
9(x) e R[x],9(ct) %0 sao cho f(x)=(x-a)*.g(x) véi VxeR.( tic 1a f(x) chia hét cho
(x—a)* nhung khong chia hét cho (x-a)“*)
Néu k =1 thi ta néi « 1a nghiém don
Néu k > 2thi ta ndi « 1a nghiém boi
3. Dinh ly Bézout

a la nghiém cua da thirc f(x) e R[x] < f (X):(x—a) trong R(X) .
Chirng minh

v (x) e R[x] ludn ton tai duy nhat g(x) e R[x]: f (X) = (x—a).g(X) + f (@), VX R
Do d6 a la nghi€ém ctia f(x) e R[x] < f(a)=0< f(X)=(x—a).g(X) = f(X):(X—a)
Hé qua: vf(x)eR[x],deg f =n>1ta ludn cé f(x)- f(a)!(x—a)
4. Dinh Iy Viet

a)binh ly Viet thudn

Gia st f(x)=aXx"+ax" " +a,x"*+..+a, ,x+a,.Goi «,q,,.., 1a cac nghiém cua f(x).

&4 —~(y+a,+...+a,)
0

a

a—z =, + A+ O, + A A
0

8

= =—(aqa,0,+...+a, ,a, ,2,)

a‘O

a _
1L = ()" Ny @y g+t )
EN

a

—L=(-D)"a,..,

8

b)Dinh ly Viet dao

S =a,+a,+.+a,

S, =aqa, +ayo, +...+ oo, Fa,on+ .o, o
A .. |S; =0+ +a, 0, ,a

Cho n s6 thyc o, a,,..a,. Dat {° 77 n-2%n-1%n

S, =a0,..0,  +..ta,0,.,

S, =a,0,...a,

Khi d6: a,,a,,...«, 1a n nghiém cua da thuec:
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f(X) = X" =SX" +S,x" 2 —Sx" .. +(-1)"'S, x+(-1)"S

n

5. Nghiém hitu ty, nghiem nguyén
Cho f(x)=a x" +a_ X" +..+aXx+a, da thuc hé sd nguyén. Khi d6: Néu f(x) c6

nghiém hitu ty x, =~,(r,s) =1 thi r 12 udc cia h¢ s6 tu do ag, S 1a udc cua hé s6 cao

m|—13

nhit a,,
Chirng minh

Dof(x)=0=a, (2)n +an_1(£)nl +...+a1(£)+a0 =0=a,;s"+ars" +..+a _r"'s+ar"=0

=ar"=-s(as""+as"’+..+a_,r)
Pang thirc trén ching to rang a,r"is Vi (r,s)=1 suy ra (s, r)=1 nén a, chia hét cho s
Lap luan twong tu:a,s" =-r(a.s"* +..+a ,r"*s+ar"")
Chung t6 rang a,s"ir . Vi (r,8)=1 suy ra (r, s")=1 nén suy ra a, chia hét cho r
Chu y: Néu a, = 1 thi nghiém hitu ty néu c6 1a nghiém nguyén.

6. Tinh lién tuc
Cho f(x) eR[x], f(x) =a,x" +a, X" +...+ax+a,. Khi do:
a) f(x) 11en tuc trén R
b) Neu ton tai hai s6 a , b thoa man: f(a)f(b) < 0 thi f(x) co it nhat mot nghiém
= ¢ nam gitra hai s6 a va b. Cu thé:

f(x)_It/[a;b]
{f(a)f(b) <0
f(x)_It/[a;b]
’ {f (a)f (b) <0

= 3ce(a;b):f(c) =0

= 3cea;b]:f(c) =0

7. Khai trién Taylor
Cho f(x) e R[x], f(x) =a, +a,x+a,Xx* +...+a, X" +a,X". VaeR, ta c6 khai trién:

fll

f(x)=f(a)+ ()(x a)+ ()(x a)’+.+ nr)l(|a)(x—a)” @

Cong thtre (1) goi 1a khal trién Taylor cua f(x) tai diém x = a.

8. Khai trién Maclaurin
Trong cong thirc (1) ta thay a béi 0 thi dugc:

n (n)
f(x) = f(0)+f 0y O, O
1! 2! n!
Cong thire (2) goi 1a khai trién Maclaurin cua f(x).

(2)
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1. Mgt so bai toan dién hinh

Nhén xét: Ta xét da thire P(x) =(X -1)(X* = 2x+2)=x* =3x" + 4X—2 ¢4 nghiém
duong duy nhat la a =1.

Ddt a=3-b(khidé b = 2). Do P(a)=0 nénP(3—b)=0<>b*-6b*+13b-10=0.
Khi dé, ta kiém tra dwoc da thire Q(X) = X° —6x* +13x —10 ¢6 nghiém dwrong duy
nhat la b = 2. Tw ddy ta co bai toan sau:

Bai toan 1 :

Cho hai da thirc P(x) = x> —3x* +4x -2, Q(X) = x> —6x* +13x-10.

a) CMR: Hai da thirc trén c6 nghiém duong duy nhat

b) Goi a va b 1an luot 1a 2 nghiém duong ctiia P(x) va Q(x). CMR: a+ b =3.

Nhén xét. Véi bai todn trén thi 16i gidi thdt dé dang vi ta truc tiép tim dwoc nghiém
cua hai da thiec trén. Tuy nhién, néu viéc tim nghiém thuc cua hai da thiec trén gap
kho khan thi ta giai quyét bai toan nhu sau:

a) Ta thay néu P(x), Q(x) co nghiém thi d6 phai la nghiém duong. Vi néu véi

X, < 0= P(x,) <0 (twong tu doi vdi Q(x)).

Mit khac: P'(x) >0,Q'(x) >0 ¥x € R nén P(x), Q(x) 1a 2 ham dong bién trén tip
thuc. Do d6 hai da thtic trén c6 nghiém duong duy nht.

b)Pita=3-m.Do P(a)=0 nénP(3-m)=0<m’-6m*+13m—-10=0. Tac la m
1a mot nghiém cta Q(X) = x* —6x? +13x—10. Vi Q(x) c6 nghiém duy nhét nén
m=Db. Tuw dé suyraa=3 —bhay a+b=23 (dpcm).

Nhan xét. T loi gidi trén ta xay dung 2 da thirc moi la P,(X),Q,(X) thoa man:

+) Pa thirc P(X) ¢6 cdc nghiém la binh phuong cdc nghiém ciia da thire P(x). Ta dé
dang tim dugc P(X) = x> —X* +4x—4

+) Pa thire Q(X) ¢6 cdc nghiém la binh phiong cdc nghiém ciia da thire Q(x). Ta dé
dang tim dugc Q,(X) = x* —10x* +49x —100

Do 2 nghiém cuia P(x) va O(x) déu dwong nén ta cé bai todn méi nhu sau.:

Bai toan 2:

Cho hai da thitc P(X) = x> —x* +4x—4, Q,(X) = x> —10x* +49x—100.

a) CMR: Hai da thirc trén c6 nghiém duong duy nhat

b) Goi u va v 1an luot 1a 2 nghiém dwong cua P(x),Q,(X). CMR: Ju ++/v =3
Nhdn xét: Viéc giai bai toan 2 ciing rdt dé dang vi ta cé thé dé dang tim dwoc u = 1
va v = 4. Tuy nhién, néu vié¢c tim nghiém cua P,(X),Q,(X) gap kho khan thi ta lam
nhir thé ndo? R6 rang, mudn gidi bai todn 2 ta phdi di nguege lai qud trinh phdn tich
o trén.
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Ta xét mot bai toan ma viéc tim nghiém kho khan.

Bai toan 3:

Cho hai da thirc P(X) = x® +2x* +3x+4, Q(x) = x> —5x* +10x—10.

a) CMR: P(x) ¢6 nghiém duy nhat 4m, Q(x) c6 nghiém duy nhat duong.
b) Goi a va b 1an luot 1a 2 nghiém cua P(x) va Q(x). Tinh tong a + b.

Nhdn xét va loi gidi: Ro rang viéc tim nghiém cua hai da thuc trén gap kho khan,
hon nita bai toan yéu cdau tinh tong a + b chw khong phdi la chung minh rang tong la
mot hang so6 nao do. Ta gidi quyét bai toan trén nhu sau:

a) Dé dang
b) Gia str tong a + b =k. Ta di tim k.
Tra+b=k, taco:b=k—a. Dob langhiém cia Q(x) nén Q(b) =0, suy ra:
Q(k —a) =0« —a’+(3k —5)a” + (-3k* +10k —10)a + (k* —5k* +10k —10) =0 (*).
Vi a 1a nghiém ciia P(x), nén tir (*) ta mong mudn ¢ :
-1 3k-5 -3k*+10k-10 k*-5k*+10k—10
7 1 2 3 - 4
Tu déng thire (**), ta tim dugc gia tri duy nhatk = 1.
Vay: Tonga+b=1.

(**) )

Nhin xét: Vé cach héi thi bai todn 3 ¢6 khdc bai todn 1 1y chit. Nhung vé ban chdt
van dé khéng hé thay déi. Biét cdach gidi quyét bdi todn 1, cho ta tir duy dé gidi bai
toan 3 mot cach nhe nhang.

Ciing nhw trén, ta xdy dung hai da thirc moi la P,(X),Q,(X) thoa man:

+) Pa thicc P,(X) co cac nghiém la binh phwong cdc nghiém cua da thirc P(x).
Gid sir P,(X) = x® +ax’ +bx+c. Theo hé thirc Vi — et, ta co:

3 3 2
—a= xf:(inj —2 Z X, X; =—2
=1

i i=1 1<i<j<3

2
b= > xij?z( DX xjj —2x1x2x3231xi =—7
i=1

I<i<j<3 Ki<j<3

—c=(x%X,) =16

Tur ddy suy ra: Py(X)= x> +2x* —7x-16.

+) Pa thire Q(X) ¢6 cdc nghiém la 2 lan binh phwong cdc nghiém ciia da thirc O(x).
Tuong tu ta cing tim duoc Q,(X) =x°—10x* —800.

+) Chii y rang: P(x) c6 nghiém duy nhdt a < 0, con Q(x) ¢ nghiém duy nhdt b > 0.
Vi thé néu u, v la 2 nghiém dwong duy nhit ciia P,(x) = x® +2x* —7x—16 va
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Q,(x) = x* —10x* —800 thi \/U:—a;\gzb. Doa+b=1nénco: %—\/Uzl.

Ta co bai toan moi nhw sau

Bai toan 4:
Cho hai da thirc P,(X) = x® +2x* = 7x—-16, Q,(X) = x> —10x* —800.
a) CMR: Hai da thirc trén c6 nghiém thuc duong duy nhat.

b) Goi u va v lan luot 1a 2 nghiém thuc duong ciia P,(x),Q,(x). CMR: \/g— Ju=1.

Nhdn xét :

Viéc giai bai todan 4,chi can di nguoc lai qua trinh tao dung nén P,(X), Q,(x) la xong.
Cdc bai toan tir 1 dén 4, hai da thire ban dau chi c¢é ding 1 nghiém. Ta xét mot bai
todn ma sé nghiém ciia né nhiéu hon 1 nghiém.

Bai toan 5:

Cho hai da thire: P(x) = x* —3x+1 va Q(x) =8x>—36x° +48x—19.

a) Chimg minh réng: M&i da thire trén déu c6 3 nghiém thyuc phan biét.

b) Goi a la nghiém 16n nhit cta P(x) va b 13 nghiém nho nhat cia Q(x).
Chtng minh rang: a+2b=3.

Nhdn xét :

Phan dau ciia bai toan 5 khé don gian. Ta c6 thé ldp bang bién thién ciia P(x) va
O(x) la c6 ngay két qua, hodc ciing cé thé sir dung tinh chdt ciia ham lién tuc doi voi
da thirc bdc 3.

Vé y tuwong gidi quyét phan sau, ciing giong nhw cdc bdi todn trén. Tuy nhién can dé
¥ la a la nghiém 16m nhdt cia P(x) con b la nghiém nhé nhdt cia O(x) nén can phdn
biét 2 nghiém trén voi cdc nghiém khdc cua P(x) va Q(x).

Véi nhitng nhdn xét & trén, bdi todn 5 duwoc gidi quyét nhw sau:

a) Vi P(-2)=-1<0,P(0)=1>0,P(l)=-1<0,P(2) =3>0 suy ra P(x) c6 3 nghiém phan
biét va nghi¢m lon nhét ae(L2)
Vi Q(0)=-19<0, Q1) =1>0,Q(2) =-3<0,Q(3) =17 >0 suy ra Q(x) c6 3 nghiém phan
biét va nghiém bé nhat b e (0;1)
b) bata=3-2m.
Vi P(a) =0= (3—2m)® -3(83—2m)+1=0 < 8m°’ -36m* +48m-19=0.
Suy ra m 1a 1 nghiém cua Q(x) =8x® —36x* +48x-19.
3—-a

Doae(,2) =>m= e(O;l):>m:b:>b=3_Ta = a+2b=3.

Nhdn xét:
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Van giit y twong hai da thire ban dau cé 3 nghiém phdn biét. Tuy nhién,ciing van voi
cach xay dung da thirc moi co cdac nghiém thoa man diéu kién cho trudc, ta cé bai
toan moi kho hon nhu sau:

Bai toan 6 (VMO 2003): Cho hai da thtc: P(x)=4x3—-2x*-15x+9 va
Q(x)=12x3+6x% —7x+1.
a) Ching minh rang mdi da thirc da cho déu cé ba nghiém thuc phan biét.
b) Ki hiéu «,p tuong tng la nghiém I6n nhat cia P(x) va Q(x).
Chang minh rang o2 +34% =4.

Loi gidi
a) Tu a®+3p%=4suyra a<2;4<1.2.
P(—2)=-1;P(-1)=18;P(1,5)=-4,5;P(1,9)=0,716 (1)
Q(-2)=-57;Q(-1)=2;Q(0,3)=-0,236;Q(1) =12 (2)
Tur (1) suy ra P(x) c6 ba nghiém thuc phan biét va nghiém 16n nhat o (1,5;1,9) (3)
T (2) suy ra Q(x) c6 ba nghiém thuc phan biét va nghiém 16n nhat < (0,3;1) (4)
b) Vi « la nghiém caa P(x) nén: 4a®-2a%-15a+9=0.Suy ra 4a®-15a0=2a%-9
= 16a® —120a* + 22502 = 4a* —36a% + 81
—160° -1200* + 26122 -81=0  (5)

/ 2
Tur (3) c6 4—a? >0. Ta sé ching minh x, =@ la nghiém cua Q(x).
That vay, ta co Q(XO)=%(4—a2)«/3(4—a2)+2(4—a2)—%«/3(4—a2)+1
2
:(9‘;‘“ }/3(4—0{2)+9—20{2 (6)

Tur (3) taco 2a? <9 <4a® nén 9-2a? >0;4a®>-9>0. Tirdo va
9(9-2a%)? —(9-4a?)?3(4—-a?)

=9(81-36a” +4a”)-3(81-72a2 +16a* )(4-a?)

=3(16a° —124a* + 26102 —81) =0 theo (5),

2
Suy ra 9-2a° :(40‘3_9}/3(4—052). Do d6 Q(x,)=0 theo (6).

Vi thé x, 1a nghiém caa Q(x). Hon nita tir (3) suy ra:
V1,17 <3% </5,25 =1<3% <3=>0,3< %y <1.
Tir d6 va theo (2), (4) B 1a nghiém duy nhat caa Q(x) trong khoang (0,3;1) nén

’ 2
X =p hay @zﬁ,dodé a?+3p% =4,

Bai todn 7: Tim tit ca cic nghiém cua da thirc
P(x) =(a2 —a)z (x2 —x+1)3 —(a2 —a+1)3 (x2 —x)z ,az0,a#=1.
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Loi gidi.
Gia st x =x, la mot nghiém cua da thirc da cho.
L, , 2 3 3 2
Khi d6 ta co (a2 —a) (xé — X, +1) —(a2 —a+1) (xg —xo) =0.
Mat khac

2 2
0 0 0 0 0
3 2
oo (2 oo [
:%[(gz—a)z(x(z)—x0+1)3—(a2—a+1)3(x§—xo)z}:O

Ta thay P(x) la da thirc bac 6 nén nd c6 toi da 6 nghiém. D& thdy x=a la mot
nghiém cua da thirc nén theo danh gid trén thi P(x) c6 thém 2 nghiém nira 1a 1-a va

1 .z TN A . ~ 1 A 2
—. Tiéep tuc qua trinh ta lai c6 thém 3 nghiém nira la 1—1; %; % Vay P(x) co
a a —da
1-=
a

. cn s 1
cac nghiémla a; 1-a; —; 1—1;L;L.
a a 1
1-=
Nhén xét: Neu ton tai gid tri a lam cho cac nghiém trung nhau thi giad tri a do ciing
lam cho da thirc da cho ¢ nghiém béi. Do do, diéu nay khéng danh huong den su day
du cac nghiém cua da thic.

Bai toan 8 (Indonesia - 2017) ,
Cho da thurc P(x) ¢ hé s6 nguyén va co it nhat 9 nghiém nguyén phan biét. Gia su
ring ton tai x, eZ sao cho |P(x,)| < 2017.. Chirng minh rang P(x,) =0.
Loi gidi

Pat P(x) = (x—x)(X=%,)...(x=X%)Q(x) V&I Q(x)eZ[x], trong dO x,X,,...,x la C&c
nghiém nguyén phéan biét cua P(x).
Gia str ton tai x, sao cho P(x,) =0 thi Q(x,)=0, suy ra 1Q(x))| >1.
Taco

[PO)] =106 = %)% =%,) -+ (% =X)[|QUx)| 2 [L- (-1)-2- (-2)-3-(-3) - 4-(-4) -5| = 2880 > 2017 .
Piéu mau thuin nay cho thiy diéu gia st 1a sai. Ta c6 dpem.

Nhdn xét: Y tuecng ciia bai todn trén trimg véi y tuéng ciia bai todn trong dé Olimpic Hi
Lap, chi khac la cach hoi khac nhau. Ta co bai toan sau:
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Bai toan 9 (Olimpic Hi Lap) ‘ ,
Cho P(x) 1a da thirc h¢ s6 nguyén c6 13 nghi€ém nguyén phan bi€t. Hay chi ra rang néu

N eZ khong phai 1a nghi¢m cuia P(x) thi [P(n)|>7.(6!)°. Cho 1 vi du khi déu bing xay ra.
Loi gidi

Gia str co: P(X) = (X=X, )(X =X, )...(X =Xy ) Q(X), Q(X) € Z[X]

Liy n eZ khong phdi 1a nghiém cuia P(x) thi cé: |P(n)| = ‘(n —X;)(N=X,)...(n —X13)Q(n)‘
Do (n—X,)(N=X,)...(n—Xy3 )14 tich cua 13 sb nguyén phéan biét khac 0, con Q(n) ciing 1a
mot s6 nguyén va co the trung voi 1 trong 13 s6 nguyén & trén. Do do6 gié tri nho nhat cua
tich [(n—x;)(n—=X;)...(n—X;3)Q(n)| c6 thé nhan duoc Ia

(7)(8)(-6)(5)(=5)(4)(-4)(3)(-3)(2) (-2) (W) (-1 (W)| =7-(6Y

Lay vi dy khi c¢6 ddu bang: Chon =0 va
P(X) =(x+7)(x* ~1)(x* -4)(x* —9)(x* ~16)(x* - 25)(x* —36).

Bai toan 10. (An Do - 2017)
Cho da thirc bac ba P(x) = X+ ax+4—2-2016" Vi neN. Biét rang P c6 ba nghiém tu
nhién (khong nhat thiét phan biét), chang minh rang « =-3.
Loi gidgi

Gia st phuong trinh c6 ba nghiém la a,b,ceN va n>0 thi

abc=4-2-2016"=4(mod7).
Mit khadc a+b+c=0 nén a®+b®+c® =3abc =5(mod7), Ma abc =0(mod7) nén sd du cua
a®,b®,c® khi chia cho 7 thugc tap {16} nén dicu trén khdng thé xay ra.
Vay n=0 hay abc=2,a+b+c=0; dé dang tinh duoc (a,b,c) =(2,-1,-1) hay a=-3.

Nhgn xét: Bai toan trén khai thac triér dé tinh chdt sé hoc ciia s6 nguyén va van
dung khéo 1éo hang dang thirc a®+b*+c® =3abc khia+b+c=0

Bai toan 11: Moldova TST 2019 (Ngay 2) - 2019

Cho P(X)=a,, X*™ +a, X*" +..+aX +a, |a mt da thic véi tat ca cac hé s

duong. Ching minh rang ton tai hoan vi b, b, ,..b,b, ciabdsé a, .a,,..a,a,

sao cho da thuc Q(X)=b,,,, X*"** +b, X*" +...+b X +b, ludn cd mot nghiém thyc.
Loi gidi

Trudc hét ta xét va chang minh b dé sau: Pa thic x*™™* 4+ x*" +...+x+1 la mot ham

tang nghiém ngat.

That vay: B6 dé hién nhién dang véi bién x>0,
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X2k_1]' 2kx*t x—1 — x* -1

2

Ta xét véi x < 0. Dao ham cua da thac trén la: [
x—1

x—1
Ta s& chang minh rang: 2k x—1 x*'> x* -1 (1)

x* 2 4+ x+1
2k —1

2k—-1 2k—-2

Do x<0nén 1 <2k® < x®* 4 x* 24 +x+1exc

exdto L L g ey
) gk Tl 1—X
Ta thay (2) ludn dang yo’ri x < 0. Bo dé dugc ching minh. , ,
Bay gio chdng ta chi can chon hoanvi b sao cho b;,b;,,..b, ., 1a n+1 56 I6n nhat
Vva by,b,,b,,..b,, 1a n+1 56 nho nhat. Vi x*** ludn ting nghiém ngit trén tap sé thuc
am, trong khi x* giam nghiém ngat trén tap s6 thuc am. Mt khac ching ta co thé
Viét:b,, X by X2 B by = ¢ 1 X+ X XM (%) 4+ g(X)
Trong d6: f(x) 1a tdng mot s6 da thuc € véi hé s6 duong
g(x) 1a tong mot sé da thic chin véi hé sé am

Ttrc 1a ta da chon dugc hoan vi b, b, ,..b,b, bdsé a, .,,a,,..4,8 saochoda
thac b,, X" +b, X*" +...+bx+b, =¢ 1+ x+ x> +..+ x> + f(X) + g(x) ludn ting

nghiém ngat, va do d6 luon c6 1 nghiém thuc

Nhén xét:

+) Bai toan trén ap dung vdn dé gidi tich (tinh don diéu) trong bai todn ham sé da
thurc cho ta mét loi gidi dep

+) Sur dung tinh lién tuc cua ham sé da thirc, ta chitng minh dwoc sé nghiém cua
phuwong trinh, két hop viéc tinh dao ham dén cap 2 cua 1 biéu thizc cho ta bai toan
sau:

Bai toan 12. Cho da thic P(x) = x(x* —1)(x* —a) -1 VGi a>5.

a) Chuing minh rang P(x) ludn c6 5 nghiém thuc phan biét. Pat 12 x,, x,, x,, X,, X..
5

) Tinh T=>— 1.

i Xi =X

Loi gidi
a) Ta co P(x) la ham lién tuc va
lim P(x) = —e0, P(-2) =6a—25>0,P(-1) =-1<0,

nén P(x) c6 nghiém thudc (—oo;—2),(—2;—1),(—1;%},(%;1},(l;+oo).
b) Tacd P'(x) =5x*—3(a+1)x* +a,P"(x) = 20x* —6(a+1)x va
5 5 5
L 2,1 1 pgpnr=y2iy bt v !

X*—x* x* x+1 x-1 x Hx+l Fx-1

10
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5 1 5 5 1
Chuyrang ;X_Xi 21: ;Xi 1_—P( 1)+P'(1)) =0.
' 2 5
Tiép tuc dao ham hai Ve, ta c6 POIPOY—[PTOI] =—> L - Nén
P*(x) 7 (X—X)
21 POPO-[PO]  _» \jap+ oo
izl:XiZ_ 70) =a*. Vay T =2a’.

Bai toan 13 (Benelux - 2017): Cho s6 nguyén dwong k >2 va dat 65 =a a ...a,aa, -
Xét da thirc P(x)=a x"+a, x" +--+ax+a, .Chirng minh rang da thic nay khdng co
nghiém hau ty.

, - Loigiai
Trudc hét, ta sé chirng minh bo dé:
Néu da thirc f(x) e Z[x] va c6 nghiém la x=§ véi (p,g)=1thi f(x) c6 thé viét thanh

f(x) = (ax—p)g(x) ma g(x) € Z[x].
B dé nay duoc suy ra tryuc tiép tir két qua sau: Tich ciia hai da thirc nguyén ban Ia
mot da thirc nguyén ban (da thirc nguyén ban — premitive polynomial 1a da thuc hé s6
nguyén ma cac hé sé khong cd uocC nguyen t6 chung).

That vay, xét f(x)= Zaix va g(x) = Zbix la hai da thac nguyén ban; gia st tich
i=0 i=0

f(x)g(x) 12 mot da thic khdng nguyén ban, tac 12 6 mot uéc nguyén td chung p cho

cac hé so.

Do f,g nguy@n ban nén ton tai a, va b, khong chia hét cho p.

Gia strrang r 1a chi s6 16n nhat trong f va s 1a chi sé 16n nhat trong g thoa man

dieu kién d6. Khi do pla,plb, Vi i>r, j>s. Xétlily thira x** véihésola > ap,.
s

Ta thay néu i>r thi hé s6 ab, s& chia hétcho p; connéu i<r thi j>s nén h¢ sé do

cling chia hét cho p; trong khi d6 chi ¢ ab, 1a khong chia hét cho p nén téng trén

khong chia hét cho p,mau thuin.

Ap dung vao bd dé, ta thay néu g(x) khong cé hé sé nguyén thi ton tai m>1 va

meZ" sao cho mg(x) e Z[x] va mg(x) la da thirc nguyén ban; ma gx—p cling nguyén

ban nén suy ra mf (x) nguyén ban, v6 ly. Suy ra g(x) € Z[x].

Quay tr¢ lai bai toan, ‘ , ,

Dé thay cac nghiém thuc cia P(x) déu am vi tat ca hé s6 caa P(x) am. Gia sir P(x) c0

nghiém la x:_g V6i p,gez va (p,g)=1. Khido
P(x) = (ax+ p)Q(X) V&I Q) eZ[X].
Suy ra 65 = (10g+ p)Q(10). Chi y rang a, =2,a,=5 Vi 65 vGi k >2 tan cung la 25.
Ta ciing c6 pla, =5 nén p=1hoac p=5. Ta xét hai truong hop:
Néu p=1 thi 10g+1 1 uéc ciia 65°, nhung qe{1,2,3,...,9} va 65° khong c6 udc ndo

11
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cO dang 10g+1 nhu trén nén vo ly.
Néu p =5 thi 10q+5 1a wéc cta 65 hay 2q+1 1a woc caa 13562,
Vi 3<2q+1<19 nén 2q+1e{513} vVa qe{2,6}. Suyra a, laso chdnvi gla,.

(1) Néu q=6 thi x:—% la nghiém cua P(x) nén P[—%j:O hay

a,(-5)"+a,,(-5)"" -6+---+a,(-5)"-6"2+2.(-5)-6"*+5.6" =0.
Chia hai vé cho -5, ta c6
a,(-5)"" +a,,(-5)""-6+-+a,(-5)6"2+2-6"1-6" =0,

Dua vao chir sb tan cling, tasuy ra 2-6"*—6"=—4.6"* tan cung 1a 0, vo ly.
(2) Néu q=2 thi x=-> la nghiém ciia P() nén P(—%]:O hay

a,(-5)"+a,,(-5)" " -2+---+a,(-5)"-2"? +2-(-5)-2"*+5.2" =0 nén

a,(-5)" +a,,(-5)"" -2+---+a,(-5)"-2"2 =0.
Lai chia hai vé cho (-5)2, ta c6
a,(-5)"" +a,,(-5)"" - 2+--+a,(-5) -2 +a,-2"2 =0.

Néu k >3 thi 625|65 nén 65 s& cO tan cling 1a 625 va a, =6 nén vé trai co tan cling
khac 0, khong thoa. Suy ra k=2. Khi d0, ta c6 P(x)=4x>+2x° +2x+5, d& dang kiém
tra truc tiép duoc da thuc nay khong c6 nghiém hitu ty.
Vay véi moi k > 2 thi da thirc P(x) xac dinh nhu trén khéng cé nghiém hitu ty.

Bai toan 14: Cho da thitc P(x) monic, bac 12 va c¢6 12 nghiém thuyc am (khdng nhat

, 2
thiét phan biét). Tim gid tri nho nhat caa T = P(lO)-(P (O)j .

P(0)

Léi gidi
Dy e v A _ P ot L
DAt P(x) = (x=%)(x=%,)...(x—x;) thi 50 x—x x—x,  Txox,

Pit y, =-x >0,vi=12,...,12 thi

2
T=(y1+10)(y2+1o>...(y12+10)[i+i+...+ij |

1Y Y12

Theo bat déng thac AM-GM thi =+t ts 12
Yo Y Yo ¥VYava

y,+10=y, +2+2+2+2+226§/32yi voi moi i=12,...,12.

va

Suyra T >6%.($/32) 122 =36-12°.
Vay gié tri nho nhat caa T 1a 12236, dat dugc khi P(x) = (x+2)®.

Bai toan 15: Cho phuong trinh X’ —%x“ —5x°+x*+4x-1=0 (2.1)

Chting minh rang phuong trinh (2.1) ¢6 dung 5 nghiém phan biét. Vi x. (i =1,5) 1a

12
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5
nghiém cua phuong trinh (2.1) , tinh tong S biét : S = 22)(5)(——;12
, Loi gidi
f(x) la ham s6 xac dinh va lién tuc trén R
] -3 1. 5 175
Tacod: f(-2)=-5f(—)=2f0)=-L f(=)==; =— f3
(9=-51(5)=21(0) (2)8() @==3

Khi do: f(—2).f(_73) <0; f(_?s).f(O) <0; f(O).f(E) <0; f(E).f(l) <0;f(@).f(3)<0
Do d6 phuong trinh c6 5 nghiém phan biét

—2<x1<_73<x2 <O<x3<%<x4<1< X <3

Ta cox; langhiém cua (2.1) nén

DX —%xi“ —5x°+x*+4x —-1=0 2x° —x* —2=2(5x° — x> —4x)

- X +1
Do do6:S = !
0 do §(5Xi5_xi2_4xi)
x+1 x+1
5x° —x*—4x  X(x=D(Bx+4)
1 2 5
Dong nhét thire ta dugc: g(X) = ——
4x 9(x 1) 36(5x+4)

131 11 151

Xét biéu thuc: g(x) =

Dovay:S=—=)» —+— — ) —
84T X 9,,x 1 (A=
"5
Véi x # X, ta co: (x) Z
f(x) “='x-x
Va f '(x) =5x* —2x® —15x* + 2x + 4
Do do:
1 5 5 1
MO g1 1 0
) S1-x  Sx-1 1
1 5 5 1
f(0) T-X% i1 X f(0)
4 4
f(‘5)_z5: 1 g1 P9 12000
4, ~ 4 T £ 4 4. 4789
f0) Tlox FExas o £
5 5 5
Vay: § — 8959
4789

Bai toan 16 : Cho sb tu nhién n>2 van la s thuc a,,a,,...,a, sao cho

13
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-1 . .
a, >-la,> nT . Gia st phuong trinh X" +a,X"" +a, X" *+...+a_,x+a =0 cd

dung n nghiém thuc. Chang minh rang tat ca cac nghiém d6 nam trong doan
[-a,3 +2]
Loi gidi
DatP(x)=x"+ax"" +a,X"* +...+a, X+a,
Gol X, X,,...,X, la n nghiém cua phuong trinh P(x) =0
Khi do:
X, + Xy + .+ X = -0,

1
XX, + X Xg ot X, X, =8, > >

Mit khéc: x; <> x’ =a’—2a,<a’. Do do:x €[-a;a],k=12..,n
i=1
Vay tét c4 cac nghiém cua P(x) = 0 déu nam trong doan[—a,;a, +2]

Bai toan 17: Cho céac da thtc P(X) , Q(X), R(X) véi hé sé thuc cb bac tuwong tng 1a

3,2,3 thoa man dang thiac P?(x) +Q%(X) = R*(X), xR . Hoi da

thacT () = P(X).Q(X).R(X) ¢6 it nhat la bao nhiéu nghiém thuc ( ké ca nghiém boi)
Loi gidi

Pau tién ta c6 thé thay ring Q?(x) = (R(X) —Q(X))(R(X) + Q(x))

Do deg(R + P) =3 nén phuong trinh R(X)+ P(x) =0 ¢ it nhat 1 nghiém, diéu nay

chung t6 rang phuong trinh Q(x) = 0 c6 nghiém. Ma do degQ =2 nén Q(x) =0 c6 2

nghiém.

Mt khéc: P*(x) = (R(x) —Q(x))(R(x) +Q(x))

Dodeg(R + Q) =deg(R — Q) =3nén P?(x) =0 c6 it nhat 2 nghiém

1. Hai nghiém ciza P*(x) =0 la phan biét.

Khi d6 P(x) =0 c6 it nhat 2 nghiém, ma degP = 3 nén P(x) = 0 s€ c6 3 nghiém thyc.

Mat khac do degR =3 nén R(x) = 0 co it nhat 1 nghiém. Do vay ma T(x) = 0 co it

nhat 6 nghiém.

2. Hai nghi¢m la nghigm kép x = a. Do d¢:

+) R(X) —Q(x) =0 va R(x) + Q(x) =0déu nhan a lam nghiém

Khi d6 P(a) = Q(a) =R(a) = 0.

Theo dinh ly Bezout ta s€ phan tich duoc:

P(x) = (x=a)R(x);Q(x) = (x = 2)Q,(x); R(X) = (x —~a)Ry(x)

véi P(x),Q,(X), R, (x) 1a cac da thuc cd hé so cao nhat duong.

Do do:

R?(x)+Q7 () =R*(X)

XétP(x) =ax® +bx+c;Q,(x) =dx+e;R,(X) = fx* + gx+h

Pdng nhat hé sb cua x* va x* trong khai trién ta duoc:

14
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a=f;2ab=2fg=>b=g

Do d6

P(x) =ax’ +bx+¢;Q =dx+€;R (X) =ax* +bx+h

Ta co: (dx+e)* = (h—c)(P.(x) + R (X))

Ma deg(P, + R,) =2 nén B(x)+ R (X) =2ax’ +2bx+c+h c6 nghiém kép. Suy ra:
b* =2a(c+h)

Néu ca hai da thuc P,(x) va R,(x) déu khdng cé nghiém thuc thi

b’ < 4ac;b* < 4ah

Hay la b* <2a(c+h) (Vo ly)

Do d6 mot trong hai da thirc ¢6 2 nghiém. Piéu nay dan dén T(x) = 0 c6 6 nghiém.

+) Chi c6 mot trong hai da thuc R(X) — Q(x); R(X) + Q(x) nhan a lam nghiém.
Khi d6 deg(R-Q) = deg (R+Q) =3 nén R(x) — Q(x) = 0 hodac R(x) + Q(x) s€ co 3
nghiém va P?(x) =0 ciing sé& c0 it nhat 3 nghiém.

Do degP = 3 nén P*(x)=0 s& c6 2 nghiém hoic c6 6 nghiem. Ma P*(x)=0 co it
nhat 3 nghiém nén P(x)? =0phai ¢ 6 nghiém hay 1a P(x) =0 c6 3 nghiém.

Do d6 T(x) = 0 c6 it nhat 6 nghiém.

Bai toan 18: Cho da thiic P(X) = X*® + &, X*™™ +...+a,X +a, c0 h¢ s6 thuc véi
P(2) P
P(2) PQ®
minh rang trong sé do, ¢ it nhat mot nghiém thuoc khoang (1;2)
Loi gidi

GOl X, X,,..., X016 18 NGhi€mM cua P(x) . Theo dinh li Bezout ta co:
P(X) = (X=X)(X=X,)..(Xx = X,)

Khi do:

P'(X)=(x—x1)(x—x2)...(x—xn)[ t st ]

P)P(2) %0 va 4

+2016. Gia stir P(x) c¢6 2016 nghiém thuc, ching

X=X X=X, X—X,
Do do:

P'(x) <« 1

P(x) ,21: X=X
Ta sé& di phan chtng rang P(x) khdng ¢ nghiém nao thudc khoang (1;2).
Ta co:

P'2 P'@Q & 4 1 K 2—3x.
“Po PO ‘glz—xi _1—xJ‘;((2—xi)(1—xi)j
Do x, >2 hoac x, <1 nén (2—x)(1—-x)>0 . Ngoai ra:

2 —3X
(2-x)A-x)
Suy ra:

<LVx ¢(12)

15
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LP@ PO

. <2016 (V6 1i). Do d6 ton tai it nhat mot nghiém thudc khoang (1;2).
P(2) P@)

Bai toan 19 : Cho da thuc
f (X) =x*" +ax® + bx +C c6 ba nghiém nguyén Xy,X»,Xs, trong d6 a,b,c € Z . Ching
minh rang biéu thirc sau 13 boi ctia 2017
(a2017 L 2T 4 o217 +1)(% = X%,)(X, — )(3)()(3 — %)
Loi gidi
Xét f(x)=x""+ax’+bx+c
Néu X, X,,X, ¢ cting sb du khi chia cho 2017 thi ta c6 diéu phai chitng minh.
Xét X,,%,,%, €O s6 du doi mot khac nhau d6i mot khi choa cho 2017,
Theo dinh ly Fermat, ta co: f (x) =ax® + x(b+1)+c¢
Mt khac: f (x) = f(x,) = f(x,)=0:2017
Taco: f(x)— f(x,)=(x—x,)(ax +ax, +b+1)
Suy ra:ax, + ax, + b +1:2017
Tuong tu: ax, +ax, + b +1:2017
Do d6: (ax, +ax, +b+1) —(ax, + ax; +b+1) =a(x — X;):2017 => a:2017
Do f(x)- f(x,)=(x—x,)(ax, +ax,+b+1) nén b+1:2017
Ngoai ra : f (x) =ax? +x (b +1) +c=0(mod 2017) nén c:2017
Suy ra:a®" +b®" +¢* +1=a+b+c+1=0(mod 2017)
Do d6 ta c6 diéu phai chang minh .

Bai toan 20 : Cho a,b,c,d,e 14 cac s6 thuc. Ching minh rang néu da thirc
P(x) =ax® +(b+c)x+d+e co nghiém thyc thudc khoang [1,+<), thi da thuc :
f(x) =ax’ +bx® +cx® +dx +e cling c6 nghiém thuec.

Loi gidi
Goi X, €[1,+w) l1a nghiém cta phuong trinh : ax*+ (b+c)x+d+e=0
Nghia la : ax? +cx, +e =—(bx, +d)
Xétham s6 : f(x) =ax* +bx® +cx? +dx+e

Khi d6 : f(%):(axg+cx0+e)+\/Z(bx0+d)
Va f(—\/g)z(axg+cxo+e)—\/Z(bxo+d)

Suyra:
f(\/Z).f (—\/Z) = (ax} +cx, +e)2 — X, (bxy +d)’
= (ax} +cx, +e)2 — X (@XG +Cx, + e)2

(ax5 +cx, +e)2 (1-%,)<0

Do d6, phuong trinh f(x) =0 c6 it nhat mot nghiém thudc doan [—\/z : \/Z }
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Vay nén da thie f(x) =ax* +bx® +cx? +dx +e c6 nghiém thuc thoa man diéu kién bai
toan.

Bai toan 21 (VMO 1991). Cho biét da thirc P(x)=x'"—10x° +39x% +a,x +...4+a;x+ay,
VGi C&c gia tri nhat dinh cia ay,a,,..a,, 0 10 nghiém thyc. Chiing minh rang tat ca
cac nghiém cia P(x) déu niam trong khoémg[—g;%j.

Loi gidi
Gia st x;,%,,...,x0 12 10 nghiém cuta da thic P(x). Theo dinh Ii Viet co:

10 10 10 ¥ 10 10
Y x=10 (1); Y xx;=39. Turdo 100:{2@ =D +239= 3 7 =22 (2)
— i1 i—1 i—1

ij=1

., , 10 10 10 10
Tabien doi: Y (% -1) =D (X —2x+1)=> % -2> "% +10.

i=1 i=1 i=1 i=1

10
Tudova(l), 2)taco > (x-1)°=22-20+10=12.
i=1

2
Vay véi moi i(1<i<10) thi (x —1)>2 312<12+%=Gj .

+) Néu x -1>0 thi x <1+%=%.

+) Néu x—1<0 thi 1—x; <%:>xi >—g.

Bai toan 22 (VMO 2009). Cho ba sé thuc a, b, ¢ thoa man diéu kién: voi mdi sb
nguyén duong n,a” +b"+c" 12 s6 nguyén. Chang minh ton tai cac sé nguyén p, g, r
sao cho a, b, ¢ 1a 3 nghiém cua phuong trinh x3 + px? +gx+r =0

Loi gidi
Cach 1.
Véi mdi s6 nguyén duong n, dat T =a"+b"+c". Theo gia thiét 7 eZ,vn>1
Ta chung minh cac sb p= —(a+b+c),q =ab+bc+ca,r =abc thda man diéu kién cua bai
toan.
That vay, do dinh 1i Viet ddo, cac s6 a,b,c 1a nghiém cua phuong trinh
x’+px*+qx+r=0. Honnita p=-T, € Z. Ta phai chiing minh ¢,reZ. Ta co

I,=-p
T=r-2 (1)
T,=-p’+3pq-3r (2)

7—;1+3 :_pT;'l‘Fz_qT;l‘Fl_r]—;l’anl (3)
Do 7,,peZ nén tir (1)=2geZ. Tt (2)=2pT, =—2p* +6p’q—6pr=>6pre’
Tir (3) cho n=1 ta dugc T, =—pT,—qT, —rT, = p* —4p’q+4pr+24*
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= 3T, =3p* ~12p’q+12pr+6¢> = 64> € Z=>q < Z. Do d6, két hop véi (2) ta cb
3reZ,suyra r co dang rzg,meZ (4) Mit khéc tir (3) tacod rT eZ,Vn=1 .
Két hop voi (4) tacod m7, =0(mod3).vn=1 (5).

- Néu ton tai 7 sa0 cho (7,,3)=1 thi tir (5) suy ra m=0(mod 3)=r e Z.

- Néu 7, =0(mod3),vn=1 thi p=-T =0(mod 3) V& T, =0(mod3) nén tir (2)

suyra reZ.
Céach 2.

Tir gia thiét ta co a+b+c,d® +b +a' +b* +c* eZ (1), suy ra
2(ab+bc+ca), 2(a2b2+bzcz+cza2)eZ.
Ap dung hang dang thire: x* +y° +2° —3xyz=(x+y+z)(x2 +y +7 —xy—yz—zx)

v6i b 80 (x,y,2)=(a.b.c) Va (a’,0°,¢”) tasuy ra 6abc € Z Va 6a’h’c’ e Z.

it 6abc =k = 6a*b*c? 2%6226‘/( Va abceZ (2).

Tir dang thitc 2(ab+be+ca) =2(a*0* +b°c* +*a’ )+ 4abe(a+b+c), ta suy ra
2(ab+betea) €.

bat 2(ab+bc+ccz):q:Z(ab+bc+ccz)2 zq—222>2‘q Va ab+bc+cac’ (3)

Tir (1).(2).(3) ta c6 dicu phai chimg minh.

Cach 3.

Ta xét bai toan: Cho hai sé thuc a, b thoa man diéu kién: véi mdi sé nguyén duong
n,a" +b" 1a s6 nguyén. Chang minh ring ton tai cac s nguyén p, g sao cho a, b 12 2
nghiém cta phuong trinh x% + px+q=0
Theo dinh li Viet, ro rang diéu phai chimg minh twong duong véi viéc chang minnh
a+b va ab 1as6 nguyén. a+b hién nhién nguyen theo diéu kién dé bai.

Ngoai ratacd 2ab=(a+b)?>—(a?-b?) la sé nguyén. Bén day, ta c6 thé tiép tuc dung
hang dang thirc nay dé suy ra 2a’h? ciing 1a s6 nguyén: 2a’b? =(a® +b?)—(a* +b*)
B dé. Néu x la sb thuc sao cho 2x va 2x* 12 céc s6 nguyén thi x 1a s6 nguyén.
Ching minh. Ta chirng minh bang phan ching. ,

Gia st 2x=k nguyén, nhung x khong nguyén. Khi d6 k 1a s6 nguyén Ié:

k=2m+1. Suy ra x:m+%

Nhung khi d6 2x? = 2(m+%)2 =2m? +2m+% khong nguyén. Mau thuan. Vay diéu gia

su la sai, tic la x nguyén. ‘
Nhu vay, theo bo d€ thi ab nguyén va ta suy ra dieu phai chang minnh. Tt phép
chirng minh ta ciing suy ra két qua manh hon:
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Néu a+b,a?+b? a*+b* 14 cac sé nguyén thi a, b 1a 2 nghiém cua phuong trinh

x2 + px+q=0V&i p, q 1a cac s6 nguyén nao d6 (va dé dé a" +b" nguyén duong voi

moi n nguyén duong). Diéu d6 ciing c6 nghia 1a ta chi can dung gia thiét cua bai toan
E,

dén n=4 . Vidu a="-b=-"- cho thiy k=4 la gi tri nho nhat thoa man diéu

kién: Néu a, b 1a cac sb thuc thoa man diéu kién a" +b" 1a s6 nguy@n vaéi moi

n=12..k thi a"+b" nguyén v&i moi n nguyén duong.

Tro lai véi bai toan, ta chi can ching minh a-+b+c,ab+bc+ca vaabc nguyén.

Theo dicu kién d¢ bai thi a+b+c 1a so nguyén. Tiép theo ta cé
2(ab+bc+ca)=(a+b+c)®—(a?+b?+c?) lasd nguyén.

Tuong tu nhu 101 hudng dan gai trén, ta mudn chirg minh rang 2(ab+bc +ca)?cling

la so nguyén. ’

Tur @6 dung bo d¢ suy ra ab+bc+ca la so nguyén

Ta co 2(ab? +b%c? +c?a?)=(a% +b? +c?)—(a* +b* +c*)

va 2(ab+bc+ca)? =2(a%b? +b%c? +c?a? ) +4abc(a+b+c) (1)

Vi ad+b%+c®—3abc=(a+b+c)(a?+b%+c?—ab—bc—ca) (2)

Tir day, do a+b+c,a? +b?+c?,a% +b% +c3va 2(ab+bc+ca) 14 s6 nguyén nén ta suy ra

6abc 12 sb nguyén (ta nhan (2) véi 21 ). T d6, nhan (2) véi 3 ta thu dugc
6(ab+bc+ca)? =2(a’b? +b%c? +c2a?)+12abc(a+b+c) 1a sb nguyén.

Nhu vy 2(ab+bc +ca) Va 6(ab+bc+ca)?. Ap dung cach chimg minh nhu bo dé néu

trén, ta suy ra ab-+bc+ca 1a s0 nguyén. Tir day, thay vao (2) ta c6 3abc 1a 50 nguyén.

Tiep theo, ta & dung hang dang thirc twong tu (2)
a® +b° +¢c® —3a%h%c? =(a? +b? +c?)(a* +b* +c* —ah? —b?c? —c?a?)

Véi chl Y 2(a%b? +b?c? +c?a?) 1a s6 nguyén ta suy ra 6a?b?c? 1a so nguyén.

Tir 6abc va 6a’°c? |2 s6 nguyén, bang céch chimg minh hoan toan twong ty ta suy

ra abc la s6 nguyén. Bai toan duoc giai quyet hoan toan.

Bai toan 23: Cho da thuc f(x) =x’+ax +b; a,b e R. Gia st phuong trinh
f(f(x)) =0 c6 4 nghiém thuc phan biét va tdng cua hai trong bén nghiém d6 bang

—1. Chitng minh rang b < —i.
Loi gidi
Tt gia thiét suy ra phuong trinh f(x) =0 phai c6 2 nghiém thyc x,x,. Phuong trinh

£(#(x))=0 co 4 nghiém thyc phan bigt khi va chi khi x,, > —%, trong do6

A=a*—4b.Khi dd —a=x1+x22—§:>4bﬁa2—2a (*)

Goi ¥,.y,.,.y, a4 nghiém cta phuong trinh f(f(x))=0. Gia sir y,.y, 1a 2 nghiém
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cua phuong trinh x* +ax+b—x, =0 va y,,y, la hai nghiém ciua phuong trinh

)c2+ax+b—x2 =0

<\ =5 - A =5 5 \ 1 A S
Tugiathiet, giasu y +y, =—1=a=1.Tu (*):bﬁ—z. Néu y, +y, =—1 thi

1
y12+y525.
Taco y’ +ay, +b—x,=0 Va y; +ay,+b—x, =0, suy ra
Ay, 1
yf+y§+2b=0:>b=—%£—z

Bai todn 24: Cho s6 nguyén dwong chin n, xét cac da thuc P(x) véi hé so thuc
P(x) =x"+a_x""+.+ax+1
sa0 cho P(x) c6 it nhat mot nghiém thuc. Tim gia tri nho nhat cua bicu thic
A=ad’ +a +..+a .
Loi gidi
Néu n=2 thi P(x):x2+alx+1 co nghi¢gmkhi T=a’ >4.
Neu n>2, goi x, langhiém thyc cua P(x) thi x, =0 va —niaixf) =x!'+1>0. Do d6
=

ton tai cic s6 a, (1<i<n—1) khong dong thoi bang 0. Ta c6

n n=2i 2i . n A A z A < , N
Do x) +1>x)" +x,',Vi= 1,5—1 nén cong cac bat dang thuc nay, suy ra

)

nz‘z(xg+l)zzz:x2i = n—Z(x,,+1)2 Zngi—x(’)' = n_l(x(')’+1)2 2§x2i+i(x”—l)2

0
i=1 4 i=1 4 i=1

, , 2 _ _ LA . X R
Xét da thic P(x)=x"-——(x""+x"" +..+x)+1 cO mot nghiém bang 1 va A =

4
n-—1 n—1

Vay gié tri nho nhét cia A 1a il.
n_

Bai toan 25 (RUSSIAN MO 2001): Cho da thi¢ P(x)=x"+ax’ +bx+c; a.b,ceR
¢ 3 nghiém thuc phén biét va da thirc Q(x)=x"+x+2001. Ching minh rang
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P(2001)> =, biét da thirc P(Q(x)) khong c6 nghiém th.
Lot gidi.
Gia su P(x):(x—r])(x—rz)(x—ig), reR.Khido P(Q(x)):f[(x2 +x+20()1—rl,).

1

Vi P(Q(x)) khong c6 nghiém thuc nén

1—4(2001—7})<0,Vi=1,_3:>i<2001—}’i,Vi=1,3.
3

s 1
Mit khac P(2001) = P(Q(o)) =T1(2001-7)> ”

i=1

III. Bai tap dé nghi
1. Cho da thtrc P(x) = Zakxk, a, # 0. Gia su xg 1a nghiém cua da thirc P(x). Ching

k=0

minh rang ‘X0‘<1+ max |—-
0<i<n-1 an

2. Cho 2 da thtrc voi hé s6 thue f(X)=2x"+ax* +bx* +cx® +dx+e va
g(x) = x* + x+ 2014. Biét rang phuong trinh f (X) =0 c6 5 nghiém thyuc phan biét
con phuong trinh f (g (X)) =0 khong c6 nghi€m thyc.

Chung minh rang 83 f (2014) >1

3. Cho da thic P(x) = x® +14x* +1. CMR : C6 thé chia 8 nghiém phtc cua da thirc
nay thanh 2 b ro1 nhau sao cho véi mdi bo do, gid st la a, b, c, d thi cac gia ‘gri
a,+b+c+d ab+ac+ad+bc+bd+cd ; abc+abd +acd +bed ; abecd déu la cac
sO thuec.

4. Cho P(x) = X" +ax"* +a,x"2 +...+1 c6 cac hé s6 khong am a,,a,,...,a, , va phuong
trinh P(x) = 0 ¢6 n nghi¢m thyc. CMR : P(2)>3".

5.Cho a,b,c,d,m,n, pe R Chirng minh rang néu phwong trinh
ax’ +(M+b)x* +(n+c)x+ p+d=0¢¢ nghiém thuc % 21 thi phuong trinh
ax” +mx’ +bx* +nx’ +¢cx* + px+d =0 cfing ¢6 nghiém thuc.

6. Chting minh rang néu céc nghiém cua phuong trinh x* +ax’ +bc+c=0 déu la sb
thuc thi ab<0.

2008 2007

7. Gia str phuong trinh ax™ +aX™" +...+8,,X+a,, =0 co 2008 nghi¢m phan
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biét. Ching minh ring 2007a’ > 4016a,a, .

8. Gia sir phuong trinh X* +bx® +cx® +bx+1=0 c6 nghiém. Chirng minh
ring:b? +(c—2)" > 3.
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D. KET LUAN

Bai viét khdng phdi 1a nhitng diéu gi méi mé, né dieoc thyec hién véi muc dich cho
thdy dwroc moi quan hé chat ché giika “da thirc” va “nghiém cua da thirc. Cac Vi dy duroc
tdp hop nhw mét tai liéu dé phuc vu cdng tac boi duwdng hoc sinh giéi ciing nhir dé chia sé
mét so kinh nghiém it 6i ma tac gid tich liiy va hoc héi dwrgc qua qua trinh rén luyén cua
ban than. M4t lan niza, rat mong nhdn duwoc nhing Y Kién déng gép cua quy thay cd gio,
quy dong nghiép va cac em hoc sinh.
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