CONG THUC FRENET (Frenet formula)

Trong hinh hoc vi phan, cong thic Frenet mo ta cac cac dic tinh hinh
hoc ctia mot dudng cong kha vi trong khong gian Euclid ba chiéu R?. Cu
thé hon, cdc cong thiic mod td mbi quan hé cia dao ham clia cic véc to tiép
tuyén, phap tuyén va song phap tuyén don vi.

Cong thuc Frenet dudc dat tén theo nha toan hoc ngudi Phap Jean
Frédéric Frenet, nguoi da phat hién ra ching trong luan an cua 6ng nam
1847. Trong mot sd tai liéu, cong thifc nay con dudc goi 1 cong thiic Frenet-
Serret vi mot nha toan hoc ngudsi Phap khac la Joseph Alfred Serret cling
tim ra mot cach doc 1ap.

Dudng cong trong khong gian Euclid ba chiéu R? dudc cho bdi mot
ham s6
r: [ = (thtl) — R?).

Ta c6 thé coi r(t) 1a vi tri ciia mot chét diém chuyén dong trong khdng gian
tai thoi di€m ¢. Chung ta chi xét nhitng dudng cong chinh quy, tic 1a nhiing
dudng cong véi r'(t) # 0.

Goi s(t) 1a do dai cung ma chét diém da di dudc doc theo dudng cong
trong thoi gian tif khi bat dau (¢ = 0) cho dén thoi diém ¢. Khi d6 ta c6

s = [ Irolar

Hon nita, vi chiing ta da gia st rang r'(¢) # 0, nén s(¢) 1a mot ham don diéu
tdng chit. Do d6 ton tai ham ngudc cia s(t), tic 1a ta ¢6 thé gidi ¢+ nhu mot
ham ctda s va viét r(s) = r(t(s)).

C6 nhiéu cach khac nhau dé viét phuong trinh tham s ctia mot dudng
cong. Khi ding tham s6 s 13 do dai cung & trén, ta néi rang dudng cong
dudc tham s6 héa theo do dai cung. Mot tinh chit dic trung clia dudng
cong tham s héa theo dd dai cung 1a véc to tiép xtic tai moi diém c6 do dai
bang 1. That vay ta c6
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V6i mot dudng cong chinh quy, tham sb héa theo do dai cung r(s), ta
c6 thé dinh nghia mot hé truc chuan céc vecto tai mdi di€m doc theo dudng
cong nhu sau.

Véc to tiép tuyén don vi
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T=2
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Pai lugng (s) = H L|| dugc goi la dg cong clia dudng cong r at s

Tai nhiing di€ém ma «(s) # 0, ta dinh nghia véc to phdp tuyén d’On Vi

1dT
N=——.
Kk ds
Véc to song phdp tuyén B dudc dinh nghia nhu tich véc to: B := T x N.
Do [|T(s)|| = (T(s), T(s)) =1, taco

d(T(s), T(s)) dT
o =2(——,T(s)) = 0.

Nhu vay T va N Ia cac véc td don vi vudng goc vSi nhau. Ta suy ra tai moi
di€ém cta dudng cong, {T, N, B} 1ap thanh mot hé cd sG truc chuin goi la
khung Frenet.

Cong thiic Frenet bi€u dién dao ham cla céac véc td trong hé co sd
{T, NN, B} thong qua chinh céc véc to nay:

dT

2T kN

ds N
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— = —kT + 7B,
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dB

— = —7N.
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O day dai luong T dudc goi 1a dé xodn ciia dudng cong.



Cong thiic Frenet c6 thé viét lai & dang ma tran nhu sau:

T’ 0 x 0| |T
N|=|-x 0 7| |N
B’ 0O —7 0] |B
Vi du.
Pudng xoan dc cho bdi phuong trinh tham s6 héa theo do dai:
S s bs
— - n—, — ) S Ra
r(s) (acosc,asmc, C) s

trong d6 a, b 1a cac sd duong va ¢ = Va2 + b2.

w

Hinh 1: Pudng xoan 6c¢

Véi dudng xoan ¢ ta c6 :

a . S a s b
T =(——sin—-,—cos—, -),
c cc ¢ c
s .S
N = (—cos -, —sin —, 0),
c c
b . s b S a
B = (-sin—-,——cos—, —).
c ¢ ¢ cec
Tu do, ta co
a s a . S
T' = (—— cos -, ——sin -, 0),
c ¢ c c
1. s 1 S
N’ = (=sin—, —=cos —, 0),
c ¢ ¢ c

b s b s
B = (= cos >, —sin2,0).
(CQCOSC,C2SIHC,O)



Pudng xoén 6c c6 do cong £ = 4 va dd xodn 7 = L. C6 thé dé dang
kiém tra tinh diing dan cta hé thiic Frenet trong trudng hop nay.

Cong thiic Frenet dugc Camille Jordan mé rdng cho dudng cong trong
khong gian Euclid R".
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