DANG SONG TUYEN TiNH (bilinear form)
Cho F va F' la hai khong gian véc to trén truong K.

Dinh nghia. Anhxa f: E® F — K dudc goi 1a dang song tuyén tinh trén
E @ F néu f théa man nhitng diéu kién sau:

fla+2y) = flx,y) + f(2',y),
fla,y+y) = flz,y) + f(z,y),
flex,y) =f(z,cy) = cf(x,y), c € K.

Céc diéu kién trén c6 nghia 13 néu ta c¢b dinh mot véc to € E hay
y € F thi f(x,y) 1a dang tuyén tinh trén I hay trén E.

Vi du. Anh xa f(a1, as) = ajas 1a dang song tuyén tinh trén K.

V6i moi dang song tuyén tinh f va g trén £/ @ F ta dinh nghia f + g va
cf (c € K)lahai anh xatt £ @ F vao K dudc xac dinh bdi cong thuc:

(f +9)(@,y) = f(z,y) + g(z,y),
(Cf)(it,y) = Cf(l’,g/).

Néu ta c6 dinh x € E hay y € F thi (f + g)(z,y) va (cf)(x,y) la nhiing
dang tuyén tinh trén F hay E. Do d6 f + g va cf ciing 1a nhiing dang song
tuyén tinh trén £ @ F.

Goi S(E @ F) la tap cdc dang song tuyén tinh trén £ @ F. Ta thiy
S(E @ F') 1akhong gian véc td véi hai phép tinh trén.

Néu E va F 12 hai khong gian véc to hitu han chiéu, ta c6 thé mé ta moi
dang tuyén tinh trén £ @ F bang phép nhan ma tran.

Gia st dimE = mvadimF = n.Cho S = {zy,...,z,} vaT =
{y1,...,yn} lahaicosdctia F va F. Anhxa f: E® F — K la dang song
tuyén tinh khi va chi f c6 dang

m n

fla,y) =) aibjci,

i=1 j=1



v6i moi t6 hgp tuyén tinh z = Y " a;z; € E va y = > i1 bjy; € F, trong
décj,t=1,...,m, j =1,...,n,1a mot hé phan ti tuy y trong K. Khi
do, c;j = f(z;,y;), va f la dang song tuyén tinh duy nhét thod man diéu
kién nay.

Cho f 1a dang song tuyén tinh trén £ @ F va C 1a m x n ma tran
(f(,y;)). V€ phéi cla cong thic trén c6 thé viét dudi dang tich cdc ma
tran:

f(z,y) =aCy,
trong d6 ta dong nhat = v6i phan td (ay, . . ., a,,) € K™ viét dudi dang dong
va y v6i phan td (b, ..., b,) € K" viét duéi dang cot. Ta goi C 12 ma trdn
ciia dang song tuyén tinh f theo cdc cdsd S va T.

Néu F = F thi f 1a dang song tuyén tinh trén £?. Khidétachon T = S
va goi C' la ma trdn cua f theo c6sG S.

Vi du. Cho S 13 hé cd sé tu nhién ctia K. Anh xa
f(z,y) = a1by + azby + - - - + ayb,,

trong d6 x = (a1,...,a,) € K" vay = (by,...,b,) € K", la dang song
tuyén tinh trén K" ¢6 ma tran theo S 13 ma trin don vi. Vi vay,

flz.y) =ay.
Dang song tuyén tinh f trén E? dugc goi la doi xing néu f(z,y) =
f(y, ) va thay phiénnéu f(z,y) = —f(y,x) v6i moi véc to z,y € E.

Néu K la truong c6 dic s6 khac 2 thi moi dang song tuyén tinh f trén
E? déu c6 thé phan tich thanh tdng ctia mot dang song tuyén tinh ddi xiing
va mot dang song tuyén tinh thay phién trén E2.

Néu E 1a khong gian hitu han chiéu thi f 13 dang song tuyén tinh dbi
xuing hay thay phién khi va chi khi ma tran bi€u dién ctia f theo cing mot
hé co s6 cho hai vé clia E? = F @ E 1a d6i xding hay d6i xing léch.

Vidu. Cho = = (ay,as), y = (b1, bo) 12 hai phan td tlly y trong K2
« Ham f(z,y) = a1b; + asby 1a dang song tuyén tinh ddi xiing.



« Ham g(z,y) = a1by — asb; 12 dang song tuyén tinh thay phién.

Ma tran biéu dién clia f va g theo hé co s tu nhién cia K2 14 cdc ma tran

0w (%)

Pinh nghia. Cho f 1a mot dang song tuyén tinh trén £2. Anh xa
[(z) == f(z,2) (x € E)
dudc goi la dang toan phuong trén E sinh béi f.

Vidu. Cho z = (ay,as), y = (by,bs) la cdc phan ti tuy y ctia K2 Dang
song tuyén tinh f(z,y) = aib; + asbs sinh ra dang toan phuong I'(x) =
a? + a3, con dang song tuyén tinh g(z,y) = a;by — asb; sinh ra dang toan
phuong I'(z) = 0.

C6 nhiéu dang song tuyén tinh cling sinh ra mot dang toan phuong. Ta
c6 g(z,y) :== f(y,x) cling 1a dang song tuyén tinh trén E?. RO rang f va g
sinh ra cing mot dang toan phuong, nhung f # ¢g néu f khong ddi xing.

Néu truong K c6 dic sd khac 2 thi moi dang toan phuong I' dudc sinh
ra bdi duy nhit mot dang song tuyén tinh dbi xiing h. Dang nay dudc xac
dinh béi cong thuc:

T(z+y)—T(z) - T(y)].

N | —

h(x,y) =

Dang song tuyén tinh ddi xiing sinh ra dang toan phuong I" dugc goi la
dang cuc cua I’

Thong thudng, ham f(Xi,...,X,) dudc goi la dang toan phuong néu
no co dang

f(Xl,...,Xn) = Z Cinin,
1<i<j<n

trong d6 c;; 12 nhiing hang s6. Néu E 1a khong gian hitu han chiéu thi dang
toan phuong trén £ c6 dang tuong tu.



Giast dimE =nvasS = {z,...,z,} lacosdcia E. Anhxa T :
E — K la dang toan phuong trén FE khi va chi khi ' c6 dang

F(.I’) = Z Z Cijaiay,

i=1 j=1
v6i moi td hop tuyén tinh 7 = > oo aix;, trong d6 ¢, 4,5 = 1,...,n,1a
cac phan tii tly y trong K.

Néu truong K c6 dic sd khac 2 thi dang cuc h ciia dang toan phuong I’
dudc xac dinh béi cong thic

n n
Cij + Cji
h(l‘, y) = Z Z Taz-bj,
1=1 j=1
v6i moi t6 hgp tuyén tinh x = > a;z; vay = > i1 bjxj.
Ta c6 thé tim thdy mot co s6 S clia E sao cho ma trin cia h theo S 1a
ma tran duong chéo. Khi do, ¢;; = 0 v6i moi ¢ # j. Vi vay, I' ¢6 dang

n

['(x) = Z cias.

i=1
Ta goi dang nay 1a chinh tdc.

Vi du. Cho
['(x) = a? + 2a1as + a3.

Dang cuc ctia I'(z) 1a dang song tuyén tinh
h(:l?, y) = CL1b1 + a162 + CLle + CLQbQ,

v6i x = (ar,as),y = (by,by) € K?. Day la cong thic xét theo hé co s6 tu
nhién e, e5. Néu dung c6 sG e; + e9, €1 — e5 thi

F(ZC) - 36% o C%a

vOl & = 01(61 + 62) + 62(61 — 22).



LICH SU

Weierstrass va Kronecker 1 nhitng ngudi dau tién xay dung ly thuyét
dang song tuyén tinh d€ nghién ciu dang toan phuong. Hoc tro ctia hai dng
12 Frobenius d phat trién ly thuyét nay bing ngon ngit ma tran trong cong
trinh "On linear substitutions and bilinear forms" (Phép thé tuyén tinh va
dang song tuyén tinh) nim 1878. Ong ciing 13 ngudi nghlen cuu viéc phan
loai ma tran qua dang song tuyén tinh va mo ta dang chinh tic cia chung Y
tudng phan loai ma trdn mo ta dang toan phuong da xuit hién gidn tiép truée
do6 trong gido trinh "Disquisitiones Arithmeticae" cua Gauss nam 1798.
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