PIEM YEN NGUA (saddle point)

DPiém yén ngua (saddle point) 12 mot khdi niém co ban trong Iy thuyét
tro choi (Game Theory).

TRO CHOI HAI NGUOI VA DIEM YEN NGUA

Cho C C R" 1a tdp cdc chién lugc (the set of strategies) clia ngudi
choi thi nhit. Cho D C R™ 1a tap cdc chién ludc ciia ngudi choi thd hai.
Céc tap hop nay c6 thé ¢ hitu han hoidc vd han phan ti. Cho ham sb thuc
f: C x D — R. Khi ngudi choi thi nhit chon chién lugec x € C' va ngudi
chai thit hai chon chién lugec y € D, thi f(x,y) la lgi ich (gain) ma ngudi
choi thit nhét c6 duge. Néu tro choi c6 tdng khong déi 1a v, thi 10i ich ma
ngudi chai thit hai ¢6 dude 1a g(x,y) = v — f(x,y). Vi thé, néu biét ring
ngudi choi thit nhit chon chién lugec x € C, thi ngudi chdi thi hai s&€ mong
mudn chon phuong an mot chién luge iy € D sao cho 1¢i ich g(z, y) 1a cuc
dai, tiic 1a su thua thiét (loss) — f(x, y) 1a cuc tiéu. Tuong tu, néu biét ring
ngudi choi thi hai chon chién lude y € D, thi ngudi choi thit nhat s&€ mong
mudn chon mot chién lude x € C sao cho ldi ich f(x,y) 1a cuc dai. Khong
gidm tong quat, ta c6 thé coi v = 0, tiic 1a xét tro choi hai nguoi co tong
bang 0 (a two-person zero-sum game). Dit

v~ = sup {inf f(a:,y)] , v"=inf [SUP f(xay)] ;
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taco v < wv. Ngudita goi v~ la gid tri dudi ciia tro choi (the lower value
of the game), con v 1a gid tri trén ciua tro choi (the upper value of the
game). SO v~ — 1a 1¢i ich tdi thi€u ma ngudi choi thd nhat phéi c6 — con
dudc goi 1a san tro choi (the game floor) clia ngudi choi thd nhat. Tuong
ting, v~ — 1 su thua thiét 16n nhit ma ngudi choi thit hai phai chiu — con
dudc goi 1a trdn mdt (the loss ceiling) ctia ngudi choi thit hai. Néu v~ = v,
thi sd v := v~ = vt dudc goi 1a gid tri ciia tro choi (the game value).

Cip chién ludc (Z, ) € C x D dudc goi 1a mot diém yén ngua (a saddle
point) ciia ham f néu

f(x,y) < f(2,9) < f(z,y) VY(z,y) e CxD. (1)



Vi bét dang thifc thd nhét & trong (1) nghiém ding v6i moi € C, nén
f(z,7) 1algi ich 16n nhAt ma ngudi choi thit nhat ¢6 dudc khi ngudi choi thi
hai quyét chon chién ludc . Tuong tu, vi bat dang thic thit hai & trong (1)
nghiém diing v6i moi y € D, nén f(z, i) la su thua thiét nhé nhit ma nguoi
choi thif hai c6 dugc khi ngudi choi thit nhit quyét chon chién luge . Do
d6, néu cdp phuong an (z, %) € C x D thda man (1) da dudc chon, thi mbi
ngudi choi déu khong c6 nhu cau thay d6i phuong 4n clia minh.

o Néu f co diém yén ngua, thi v~ = vt. Diéu nguoc lai néi chung
khong dung.

e Bdt dang thitc v~ < vT ¢d thé xdy ra ngay cd khi C va D la cdc tdp
hitu han va f(x,y) = x' Ay, 6 dé A la ma trdn cdp n x m. Khi do, ham
f: C x D — R khéng cé diém yén ngua.

Thuat ngt "diém yén ngua" udc st dung vi, trong nhiéu trudng hop, néu
ham s6 f c¢6 diém yén ngua theo nghia (1), thi do6 thi cia né trong gidng
nhu mot chiéc yén ngua. Ldy C = [-1,1] Cc R, D = [-1,1] C R, va
f(z,y) = ay® — bz® véia > 0, b > 0, d& thy ring (z, ) := (0,0) 1a diém
yén ngua duy nhit cta f trén C' x D.

CAC PINH LY MINIMAX

Néu dang thiic

sup [inf f(x, y)} = inf [sup f(x, y)} (2)
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nghiém dung, thi né dudc goi 1a ddng thiic minimax (a minimax equality).
Chtt “minimax” 1a tir ghép “min-i-max” (min va max, hay cuc ti€u va cuc
dai). C4c dinh ly trinh bay céac diéu kién di d€ c6 dang thiic minimax dugc
goi cac dinh Iy minimax (minimax theorems). C6 nhiéu dang dinh ly mini-
max khac nhau.

Dinh ly sau day chang nhiing chi ra cdc diéu kién di dé c6 (2), ma con
chi ra su ton tai cia diém yén ngua. Két qua nay da dudc John von Neumann
chitng minh vao nim 1928 va cho dén nay van la mot trong nhiing dinh Iy
quan trong nhit cda ly thuyét tro choi.

Dinh ly von Neumann. Cho C C R" va D C R™ la cdc tdp 16i, compact,
khdc rong, va f: C x D — R la ham lién tuc. Néu véi méi x € C ham s6



f(x,.) lal6i d trén D, vavéimdiy € D ham sé f(.,y) la lom & trén C (titc
la ham sé6 —f(.,y) la 16i trén C), thi dang thiic (2) nghiém diing va, hon
thé, f co diém yén ngua.

Luu y rang két luan cda dinh ly trén vin ding dudi cac diéu kién giam
nhe nhu sau: (a) C' va D la cdc tdp con khdc rong trong cdc khong gian to
poé tuyén tinh; (b) f(x,.) la mita lién tuc dudi & trén D véi méi x € C va
ton tai 2° € C sao cho ham sé f(2°,.) c6 cdc tdp miic dudi la compact; (c)
f(.,y) la mita lién tuc trén & trén C véi méi y € D va ton tai y° € D sao
cho ham s6 f(.,4°) c6 cdc tdp miic trén la compact.

Dinh Iy minimax léch (the lopsided minimax theorem) dua ra cic diéu
kién di d€ dang thic minimax (2) nghiém ding va tdn tai mot diém z € C
sao cho

sup f(z,y) = inf [SUp f(l‘,y)] :
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Cung v6i Dinh ly von Neumann, Pinh ly minimax 1éch la mdt cong cu
manh dé chiing minh sy tdn tai nghiém cta nhiéu bai toan bit dang thic
bién phan va dé nghién cttu tinh 6n dinh vi phan clia cic bai todn tdi uu c6
tham sb.
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