THONG KE THU TU (order statistics)

ham sb véi dbi sb 12 mAu dit liéu va c6 gid tri bang s6 hang & vi tri thid bac
da x4c dinh trong day sb dudc sap thi tu tif nhé dén 16n ctia dit lidu. Vi du,
ham min tng véi thong ké thit tu bac thid nhat, hAm max ng v6i thong ké
thi tu bac cao nhét, ham med (trung vi) Ung voi thong ké thu tu bac "chinh
glu‘a" trong ddy di liéu da sip thi tu. Thuit ngit thong ke thir tu chia tu
"théng ké&’" dudc hiéu theo nghia hep, lién quan dén khdi niém “mau ngiu
nhién”, 12 mot ham sd véi dbi sd 12 mau dit liéu va thudng nhan gid tri 1a sd
thuc hoic véc to thuc. Piéu nay khac v6i nghia rong ctia tit "thdng ké" dung
d€ chi nganh khoa hoc "stt dung tu duy hdp 1y d€ nghién ciu céc quy luat
trong dif liéu ctia ddm dong". Ly thuyét thong ké thi tu dudc nghién ciu tot
nhat dbi v6i truong hop khi cic thanh phan cta véc to miu ngiu nhién 1a
cac bién ngau nhién doc 14p c6 cung phan bd, nhu gia dinh tir day trd di.

Theo dinh nghia, bién ngiu nhién 1a mdt ham X = X (w) xdc dinh trén
) va nhan gi4 tri s6 thuc, trong d6 2 1 tip cac bién cb co sd. Vi mot bién
ngau nhién X can quan tam va mot s tu nhién n > 2 c6 dinh cho truéc,
mau ngiu nhién (X1, X, ..., X,,) 1a mot bd n ban sao bién ngiu nhién doc
1ap cung phan bd véi X, khi d6 n dudc goi 1a ¢6 mau. Nhu viy, miu ngiu
nhién 12 mot véc to ngiu nhién vdi cic thanh phan doc 1ap cung phan bb.
Gi4 tri clia véc to ngau nhién do tai mot bién cd co s& cu thé w chinh 1a
mot mau thuc nghiém (21, 25, . . ., 2,,), nhu mot day n s thuc, la mot véc
to trong khong gian R”. Sap xép lai toa do ctia véc to nay theo thi tu ting
dan vé do 16n, ta thu dugc mot véc t6 moi (L (1), T(na), - - -, T(np)) VOi céc
thanh phan thda man quan hé

Day chinh la thé hién (X(n1)<w), X(n2) (w), Ce X(nn)( )) tai bién cb co 86
w €  cla véc té ngau nhién méi (X 1), X(n2), - - -, X(nn)). Khi d6 ham sO

(X1, Xo, .., X)) = (X, X(n2)s - -+ X))

dudc goi 1a chudi (hoidc véc to) thong ké thit tw va thanh phan thi k£ cla nd
(X (nr)) dudc goi la thong ké thit tw thit k.

Trong khi cdc thanh phan trong véc td mau ban dau 1a cic bién ngiu
nhién doc 1ap c6 cling phan bd F'(u), thi cac thanh phan trong véc to thong



ké thu tu mdi dugc thanh 1ap nhu trén khong con doc 1ap v6i nhau nta va
ham phan bd ctia chiing ciing thay ddi so v6i ham phan bd F'(u). Ham phan
bo F},;.(u) ctia thdng ké thi tu thit k ¢6 dang

Fnk(u) = P{X(nk) S u} = IF(U)(k:,n - k + 1) , (1)
G day
y
I,(a, /iE (1—z)"!
0
1a ham beta khong day da, B(a,b) fo t2=1(1 — )~ 1dt. Tur (1) dan dén

két luan néu ham phan bd F'(u) c6 ham mat do xac suat f(w), thi ham mét
do xac suat f,;(u) cta thdng ké thit ty thi k, 1a Xk, k=1,2,...,n,cing
ton tai va c6 dang

n!

k—1 n—~k
(k—l)!(n—kz)![F(U)] [1— F(u)]" " f(u), —0o < u < o0,
, , \ (2)
Néu ham mat do xac suat f(u) ton tai, thi véimoi 1 <7y < -+ < 1 < n,
k < n, ham mat do xdc suat dong thoi f,..., (u1,. .., u;) cla cac thong ké

thtt tu X1, .. ., X(ar) $€ duge cho bang bi€u thic

n!
ri—Dlrg —ry =1l (n— )]

X FN 7 (un) f () [F(u2) = F(u)]™ "7 f(u) -+ [1 = Fug)]" 7 f(w)

—o0 < up < - < Up < 00, (3)

le"'Tk (Ul, c. auk‘) = (

Céc cong thic (1) - (3) cho phép tim ra phan bb céc thong ké thit tu cuc
tri (hai thong ké gid tri nhé nhdt mdu va gid tri lon nhdt madu),

Xy = min(Xy, ..., X,) va X, = max(Xy,..., X)),
va phan b cia W,, = X (nn) — X (n1), dugc goi la thong ké do trdi (hodc do
trdi mdu). Khi ham phan b F'(u) lién tuc, phan b ctia W, bing

PV, < w} =n / Flu+w) — F)"dF(), w>0. (4)

— 00



Céc cong thiic (1) - (4) cho thdy khong thé st dung cdc phan bd chinh
x4c cuia thong ké thi tu d€ thu dudc cic suy luan théng ké néu khong biét
ham phan b6 F'(u). Chinh vi vdy, cdc phuong phdp tiém can cho cdc ham
phan bd ciia thong ké thu tu, khi s6 chiéu n cla véc to quan st tién t6i vo
cung, da dudc phat trién rong rai trong ly thuyét thong ké thit tu. Trong ly
thuyét tiém cin ctia thong ké thi tu, ngudi ta nghién ctiu su phan b gidi han
khin — oo clia cdc chudi thong ké thi tu { X,,1,) } dudc chuén héa mot cach
thich hop. S6 thi tu k c6 thé thay ddi nhu mot ham cia ¢d miu n. Néu sd
thd tu k thay d6i khi n ting dén vo ciing sao cho gidi han lim,, ,.(k/n) ton
tai va khong bang 0 hodc bang 1, thi thong ké thi ty { X 1)} tuong tng clia
day can quan tam dudc goi la thong ké thit tw trung tdam. Khi lim,, . (k/n)
bang 0 hoic bang 1, ching dudc goi 1a thong ké thit tu cuc tri.

Trong thong ké todn hoc, thong ké& thif tu trung tim dudc st dung dé
xdy dung cic diy nhit quan cda cic udc luong viing cho cic phan vi cia
mot phan bd F'(u) chua biét, dua trén véc to cac thé hién ctia mot bién ngiu
nhién X, hay néi cach khac, d€ u6c luong ham nguge F~!(u). Ching han,
gid st x, 12 phan vi mic p (0 < p < 1) clia ham phan b F(u), biét ring
mat do xdc suét f(u) clia né lién tuc va duong ngit trong mot 1an can nao
d6 cta diém z,. Lic nay, chudi thong ké thit ty trung tdm { X,z } v6i cdc
s6 thit ty k = [(n +1)p+ 0.5], trong d6 [a] 12 phan nguyén ctia sb thuc a, 1a
mdt chudi nhit quan céc ude lugng viing cho cdc phan vi x,, n — oo. Hon
nita, chudi théng ké thu tu {X (nk} DAy c6 phan b6 tiém can chuin véi cac
tham s6 ky vong va phuong sai

p(1 —p)
f2(33p)<n +1)°

T, va

ttic 12 v6i moi sb thuc z bat ky,

im Xw) — 2y x T o= O(x
Jim Pt (0y) < o= 0(a).

& day ®(z) 1a ham phan b chuin tic.

Vidu1l.Cho (X1, ..., X)) 1a véc to thong ké thi tu dua trén véc to
ngu nhién (X7, ..., X,). Cic thanh phan clia véc to nay dudc gia dinh Ia



cac bién ngiu nhién doc 1ap c6 cuing phan bd xdc suat véi mat dd xdc suat
lién tuc va ducng trong mdt lan can cua trung vi /5. Trong trudng hgp
nay, day cdc trung vi mau {u, }, dugc xdc dinh cho n > 2 bat ky bsi

2 (Xum) + X(upms1)  néun = 2m (chin),

/’Ln = {X(n[m+1]) néu n — 2m + 1 (lé),
2

c6 phan b tiém can chuén, véi cac tham sb ky vong va phuong sai

T10 va {4(n+ 1)f2(x1/2)}_1 :

khi n — oo. Pac biét, néu

1 . 2
f(x):\/%exp{—%}, la] < oo, 0>0,

nghia 1a X; c6 phan bd chuin N(o;0?), thi chudi {u,} c6 phan bd tiém
can chun véi cac tham s T1/9 = @ Va 7o?/(2(n + 1)). Néu so sanh chubi
thong ké {1, } véi chudi céc udc lugng khong chéch tot nhat

_ _ 1 <&

d€ uéc luong ky vong o clia phan bd chuén, thi nén dung chudi {X,,}, vi

_ o? o2
Var(X,) = & < — "7~ Var(u,
ar( ) n 2(n _|_ 1) a’r(/’b )
v6i moi n > 2.
Vidy 2. Cho (Xn1),. .., X)) la véc to théng ké thi tu dua trén véc
to ngau nhién (X7, ..., X,,) c6 cdc thanh phan doc 1ap va phan bb déu trén

doan thang [ov — h; o + h). Hon nifa, gia st cdc tham s6 a va h chua biét.
Trong trudng hop nay, cic day thong ké {Y,,} va {Z, }, trong do6

n+1
2

1 .
Y, = §(X(n1) + X(nn)) va Z, = (n— 1)(X(n”) o X(”l)) y n22,



tuong ting 12 cac chudi nhit quan céc uée lugng khong chéch hiéu qua cho
a va h. Hon thé nita,
2h? 2h?
va Var(Z,) = .
(n+1)(n+2) (Zn) (n—1)(n+2)

Var(Y,) =

C6 thé chi ra ring cac day {Y,,} va {Z,} xdc dinh céc udc lugng t6t nhit
cho « va h theo nghia c6 rdi ro binh phuong nhd nhéit trong 16p cic uée
lugng tuyén tinh khong chéch dudc thé hién dudi dang thong ké thi tu.
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