TINH GKN PUNG TICH PHAN (approximation of integrals)
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can phéi tinh gin ding khi tich phan ctia ham dudi du tich phan f(x)
khong tinh dudc dé dang hodc gia tri cia ham nay chi dugc cho tai mot sd
nit (diém ludi) z;, trén doan [a, b]. Tat ca cac cong thic dang hién tinh xap
xi I(f) dudc goi la cong thitc cdu phiong hay céng thiic tich phdn sé. Cong
thiic cau phuong dé tinh gan dung tich phan (1) c6 dang tdng quat 14

Tich phan xac dinh

n

QUF) =D cort + > ciryp + -+ + Z ety 2

k=0 k=1

voiyl = fD(z;), g =1,2,...,p,yr = f(xx), con ¢y 12 cdc hing sd dugc
goi 12 trong sé. Khi dé,

I(f) = Q(f) + R, 3)

v6i R 1a sai s6 clia cong thiic cau phuong. Cong thiic cau phuong ting dung
dudc, néu gid tri cia ham s va dao him cida né tai cac di€ém luéi dudc biét.
Cong thiic chi st dung gid tri ciia ham sb goi 14 cong thiic gid tri trung binh
hay cong thiic cdu phuong Lagrange, con cong thiic st dung cd gia tri clia
dao ham ctia ham sb goi 1a cong thitc cdu phuwong Hermite.

C6 nhiéu cach din dén cong thiic cau phuong (2), mot trong nhitng cach
d6 12 thay ham f bang mot xap xi f,, ciia né ma tich phan

b
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dé tinh. Chang han nhu f, € P, - tip hop cic da thiic bic khong qué n.

Mot cach tu nhién, f, = I, f, da thic ndi suy Lagrange cua f trén cac tap
n+ 1 diém lu6i {z;}, k=0,1,...,n. Khi do

n b
=Y fla) | tula)da, (5)
k=1 a



v6i ¢, 1a da thidc Lagrange dic trung bac n lién két v6i nit z;,. DE ¥ ring,
cong thic nay la truéng hdp riéng cua cong thic cau phuong

L(f) =) onf(ar), (6)
k=1

véi cac hé sd oy, di cho. Néu ta xap xi ham f bang ndi suy Hermite thi ta
s& nhan dudc cong thic cau phuong Hermite (2).

Cong thiic (5) va (2) dudc goi 1a cong thitc cau phuong ndi suy do ham
f dudc thay bang da thic ndi suy. Bdc chinh xdc ciia mot cong thic ndi suy
12 s6 nguyén r > 0 16n nhat ma

L(f) = I(f), v6imoif€P,

Moi cong thiic cau phuong ndi suy st dung n + 1 di€ém nit c6 bac chinh
xac khong nho hon n. Ngudc lai, mot cong thic cau phuong su dung n + 1
di€ém nut va c6 bac chinh xdc n 1a diéu kién can dé€ n6 c6 dang noi suy.
CONG THUC CAU PHUONG NOI SUY

Céc cong thic dudi day st dung xap xi cia ham f duéi diu tich phan
bang da thiic ndi suy ¢ bac tuong ting. D€ cho don gidn, cac diém nit dugc
lay c4ch déu:

b—a

xr=x0+kh, k=01,....n, z9g=a,h= :
n

Céc cong thiic nay c6 sai s6 | R| dugc danh gia qua can trén M, cda | fP)].

Cong thirc hinh chur nhat

Trén doan [z, 7o 4+ h] ham sb f dudc x4p xi bing gid tri f(xg) clia né tai
nit x(, diém bén trai cia doan thang. Khi d6

zo+h h2
/ f(x)dr =~ hf(zy), |R|< ?Ml'

Zo

Bing cach iy tdng, ta nhan dudc cong thic hinh chit nhit (bén trai)
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v6i M 1a can trén cla |f/(x)| trén doan [a, b]. Tuong tu nhu thé ngudi ta
nhan dudc cong thic hinh chit nhat bén phai

(b—a)h

b
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va cong thic trung di€ém

[ e n(pE g P ) gy OOy,

trong trudng hgp nay cdc di€m nit 1a cdc trung diém (zy + 24.1)/2,k =
0,1,....n
Cac cong thuc nay c¢6 do chinh xac 1a 1.

Cong thirc hinh thang

Trén doan [z, x¢o + h] ham f dudc ndi suy qua gia tri cia nd tai cac nut x
va x; bang da thuc bac nhat. Khi do

3

xo+h h h
/xo f(z)dz ~ §<f(330) + f($1)>7 |R| < EM2

Téng cta céac xap xi tuong tu trén cac doan [z, 1], .. ., [T 1, 2,] cho cong
thitc hinh thang

/f )z ~h( f< ) fla )+---+f(a:n_1)+f(§”)>, \R|§%
(7)

Sai s clia cdng thiic hinh thang c6 bac h? va bic chinh xé4c ciand 1a 1.

Cong thirc Simpson

Trén doan [z, 73] ham f(z) dudc nodi suy bing da thic ndi suy bac 2 tai
cac nut xy = a,r; va Ts:
h5

xo+2h h
LO f(x)dﬂj ~ g(f(l'O) + 4f(371) + f(ZEQ)), |R| < %M4

M;.



Téng cla cac xAp xi tuong tu trén cac doan [xg, 7], ..., [Ty 2, z,] VOi n
chan cho céng thiic Simpson

/ Fla)dr ~ & (Fa0) + 47 () + 2 (es) + 4F(z) +
+2f(5’7n—2) + 4f(xn—1) + f(xn))a
Rl < %m

Do chinh xac cua cong thiic nay la 3.

Cong thic Newton-Cotes

Cong thifc nay dua trén ndi suy Lagrange khi cdc nit sap xép déu trén doan
[a, b]. V6i n > 0, cdc nit cho qué trinh cau phuong 1a x5, = zg + kh, k =
0,...,n, h=(b-a)/n,xg=a,zr, = b. Cac cong thuc hinh chir nhat,
hinh thang va Simpson la nhting trudng hdp riéng cua cong thic Newton-
Cotes ing v6i n = 0, 1, 2. VGi /. 1a da thuc Lagrange dac trung bac n lién
két v6i nit z;, d€ noi suy f trén doan [a, b], ta c6

/f dx—Zfa:k/Ek dm+/ an (x—10) - - - (x—2p)d.

Khi c4c niit phan b déu, ta nhan dudc cong thitc Newton-Cotes

| s - —Zf 0+ )i+ Rl

7=0
n
Pn = ijn-
j=1

Gia tri cia P, p;, va R, dudc cho 6 bang sau.



n Pyl pon| Pin| P2n| D3n| Pin| Psa| Dén| P | Bn

1 o 1] 1 —5 19

2 6| 1| 4| 1 B FO)

3 gl 1| 3| 3| 1 —IFDE)
4 90| 7| 32| 12| 32| 7 —3FO(¢)
5/ 288| 19| 75| 50| 50| 75| 19 — 22 £(6) (¢)
6| 840 41| 216| 27| 272| 27| 216| 41 — I 3 (¢)
7| 17280 | 751 | 3577 | 1323 | 2989 | 2989 | 1323 | 3577 | 751 | — 183k ¢(3)(¢)

Cong thitc cau phuong Hermite
Trén doan [z, 7o + h] ham f(x) dudc noi suy bang da thiic bac 3 tir cdc gia

tri cta f(x) va f'(z) tai zo va x1 = xo + h:

xo+h 2 5
[ tw)de = S0+ @) 5 )= F @), RIS oM

Téng clia cac cdng thic ciu phuong Hermite trén cic doan [zq, 1], [21, 9], . . .,

(2,1, ) cho ta céng thitc cdu phuong Hermite

[ s@ie e n (54 g+t ) + 50 w0 - ),

12
(b—a)h?

R| <
7] < 720

M. (8)

Cong thiic nay c6 do chinh xac 1a 3.
CONG THUC CAU PHUONG DANG GAUSS
Cong thiic cau phuong dang Gauss 1a cong thiic gi4 tri trung binh, nhung



trong biéu thiic
b n
| e 3 e ©)
“ k=0

khong chi ¢c6 mdi cdc hé s ¢, ma ca cac nut z, cling 1a cac tham s6 can
chon. Céc gia tri nay dugc chon d€ sao cho cong thiic (9) 1a chinh xdc véi
cac da thuc bac cang cao cang tot.

Cong thirc cau phuong Gauss

C6 thé bién d6i doan [a, b] thanh doan [—1, 1] va chon cdc diém nit z;, 1a
nghiém cta da thic Legendre, sau d6 cac hé sb ¢, dudc xac dinh sao cho
cong thiic (9) 14y tich phan chinh x4c céc da thic bac dén 2n + 1. Nghiém
clia da thiic Legendre nam d6i xing qua diém khong. V6in = 1,2, 3 ta c6

n=1 xy=—x, cy =1,

T V% = 0,577350269..., ¢ =1,
n=2 Ty — —To, Co—é,

T = 1 =79

_ \f — 0, 774596669.... c5 = co. (10)

n=3 xg= —3, co = 0,347854854,

1 = —Ta, C1 — 0,652145154,

To = O, 339981043, Cy = (1,

r3 = 0,861136311..., c3 = Cp.

Nhan xét: Phép bién ddi t = (b—a)/2x + (a+ b)/2 bién d6i doan [a, b]
thanh doan [—1,1] (t € [a,b],z € [—1,1]. V6i cac gia tri x; va ¢ dudc
chon cho doan [—1, 1] ta nhin dugc cong thiic cu phuong Gauss trén doan
[a, b] bat ky:

/f b—aZCkf(b—a +a—2|—b). (1)

k=0



Cong thic Lobatto

Trong mot s6 trudng hop hai diém bién cta doan 14y tich phan ciing ducc
st dung dé€ xap xi tich phan. Khi d6 trong cong thiic (9) chi con 2n bién tu
do va chuing c6 thé xac dinh dudc sao cho cic da thifc bac dén bac 2n — 1
c6 thé 1ay dudc tich phan chinh xdc. Trong trudng hop n = 2 ta c6

Ty = _17 Co = %7

r1=0, = 39 (12)
ro =1, o= ¢y,

vavllin = 3taco

Xy = _17 Co = é?

X1 = 1_5527 1 = 6’ (13)
L2 = %, Cy = (1,

T3 — 1, C3 — (9.

Truong hgp n = 2 ta nhan dudc cong thuc Simpson.
THUAT TOAN ROMBERG

Thudt todn Romberg bat dau tit ddy cac tdng dang hinh thang, budc sau
dugc thuc hién bang cach chia déi khoang lay tich phan. Thuat toan gom
cac budc sau.

Xac dinh tong hinh thang
Tinh gan ding tich phan f; f(x)dx theo cong thic (7) v6i budc ludi

_b—a

hy iy
22

i=0,1,... m. (14)

Cong thic (7) v6i bude 1udi ky hiéu 1a T'(h;). Ta ¢

T(h;)) = T<h¢_12> = % [%f(a) + f(a + %) + fla+h;i1) + f(a + %h¢—1)
Fa+2hia) ot f o 250 ) + 30)] (15)

- %T(hl—l) + %Z?:_(} f<a+ hi2_1 +jhl—1>7l — 1727 ceey MM = 2i_1'




Cong thiic truy hoi (15) cho thiy ring, dé tinh T'(h;) tit T'(h;_;) chi can st
dung gi4 tri ctia hAm tai c4c nit méi xuat hién.

S¢ do tam gidc

Dit Ty; = T'(h;),i = 0,1,2,... va tinh tuan ty cc gid tri

Th1i— Th-1i-1
4k — 1 ’

Tk:i:Tk:—l,i+ k:1,2,...,m,i:k,k+1,... (16)

Céc gia tri trong (16) dudc thuc hién theo so do tam giac

Too \«

Ty — T

— . = T
e N\ e
Tk:,l — .. — Tk; k—1 — Tkk
Nguyén ly ngoai suy

Phuong phap Romberg 1a mot ing dung ctia nguyén Iy ngoai suy. Ung dung
nay s€ dudc md ta tir cach tim ra cong thic (16) véi k = 1. Gia st tich phan
can tinh 1a I, con T'(h) 1a tdng hinh thang (7). Néu trén doan [a, b] ham sb
f(x) kha vi lién tuc, (2m + 2) 1an, thi sai s R cta tong hinh thang c6 khai
trién tiém cén theo h 1a

R(h) = I —T(h) = a1h* + agh* + - - - 4+ a,h*™ + O(R*™2)  (17)

hay
T(h) =1 —a1h® — ash* — -+ — a,,h®™ + O(h*™2) (18)
véi cac hé sb ar, as, . . ., a,, 12 cac hiang sb khong phu thudc vao h.
Xac dinh T'(h) va T'(%) theo (18) va xét t6 hop tuyén tinh

Ti(h) = Ole(h)—l-OéQT(ﬁ) = (1ta2)— (oq—i—%) h?—ay (al—l—%) ht—. ...

2 16

(19)



V6iag +ag = 1vaag + % = 0, thi T7(h) c6 sai sO bac 4, trong khi d6
T'(h) vaT(h/2) chi c6 bac sai sb la 2. Trong trudng hop nay

ni =L+ 41(2) -1(4) (e 2) - m) o

Pay 1a cach nang bic ctlia sai s6 trong (16) véi k& = 1. Tiép tuc qud trinh
nay, ta nhan dudc 7} trong (16) thoa man

Tii = I + O(h22). (21)
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